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BBEJAEHUE

[Ipu perieHNU NpakKTUYECKUX 3a/1a4 B aBTOMATHU3WPOBAHHBIX CHCTEMaXxX IIUPO-
KO€ pacipoCTpaHEHUE HAXOJAT MOJICIN U aJTOPUTMBI JUCKPETHOW MaTeMaTUKU. ATl-
napar JIMCKpETHOM MaTEMaTHUKH MCIOJb3YETCA Ha Pa3HbIX 3Talax KU3HEHHOTO [HKIIA
aBTOMATU3UPOBAHHBIX CUCTEM. IIPHU MPOEKTUPOBAHUU, pa3pabOTKE U AKCILTyaTal|H.
[Ipu sTOM 0cobO€ 3HaUeHHE UMEET Teopus rpadoB, KoTopas siBiseTcsa dPPEeKTUBHBIM
WHCTPYMEHTOM MOJICTTUPOBAHMSI PACTIPEICIEHHBIX CUCTEM PA3IMYHON MPUPOJIBI (BbI-
YUCJIUTEIbHBIX CETeH, MH(POPMAITMOHHBIX CHCTEM, TPAHCIIOPTHBIX CETEH, dJIEKTpUIe-
CKHX CeTeH, OpraHU3aIllMOHHBIX CTPYKTYp U T.1.). Kpome Toro, BayKHYIO POJIb C MpaK-
THYECKOW TOYKH 3PCHUSI UTPAET MCIIOIH30BAHUE alapaTa KOMOWHATOPUKH U TCOPHH
MHOECTB, B YaCTHOCTH, HCUETKIX MHOXXECTB M OTHOIICHUN. [103TOMY BaKHBIM SIB-
nsieTcss (OPMHUPOBAHUE y CTYJICHTOB IICJIOCTHOTO IMPEJCTABICHUS O COBPEMEHHBIX
METO/IaX JTUCKPETHON MaTEMAaTHKH, a TaK)Ke Pa3BUTHUS Y HUX MPAKTUYECKUX HABBIKOB
OMHCAHUS TUCKPETHBIX O0BEKTOB B MPUKJIAAHBIX 3aja4ax.

[TocoOue coctouT U3 NATH raaB. B mepBoii riiaBe paccMaTpuBaloTcst 0a30BbIe
MOHATHUS TUCKPETHOW MaTEMaTUKH: MHOXKECTBA W OTHOIIIEHUS. BTopas riaBa mocss-
neHa KoMOuHaTopuke. TpeThs, UeTBepTask U MATas TJIaBbl U3JIaraloT OCHOBBI TEOPUU
rpadoB. B TpeTbeil riiaBe mpuBeAeHbl OCHOBHBIC TIOHSTHS U OIIPE/ICIICHUS, B YE€TBEP-
TOM paccMaTpHUBaIOTCA 0a30BbI€ aJTOPUTMBI Ha rpadax, NsaTas riaBa CoJIEpPKUT MpH-
MepBI UCITOJIB30BAHUS armapaTa TeOpuH rpadoB s PEIICHUS MPAKTUICCKUX HHKE-
HEPHBIX 3a7a4 B aBTOMATH3WPOBAHHBIX CHCTEMaX. B IIECTOW TIaBe MpeacTaBICHBI
3alaHusl TSl TIPOBEICHMSI 1a0OpaTOPHOTO MpakThKyma. JlabopaTopHBIN MPaKTUKYM
COCTOHUT W3 IIECTH Ja0OpaTOPHBIX padOT M MpEANoaraeT MPOrPaMMHYIO peain3a-
A0 aITOpPUTMOB Teopuu TpadoB. TeopeTudeckuii MaTeprai MmocoOust ULTFOCTPUPY-
€TCSl IPUMEPAMH.

YyebHoe mocobue MOKeT ObITh UCIOIB30BAHO B JIEKIIMOHHBIX Kypcax "Jluc-
KpETHasi MaTeMaThKa B mporpammupoBanuu’, "Meroasl ontumuzanuu', “Teopus an-
TOPUTMOB”, TIpU TIPOBEJACHUH U JTAaOOPATOPHBIX 3aHATUM MO 3TUM JTUCIUIUIMHAM, a
TaK)Ke B KypCOBOM M JIUTJIOMHOM TPOEKTUPOBAHUH.



1. 3JIEMEHTHI TEOPUY MHOKECTB 1 OTHOIIIEHUM

1.1. OcHOBHBbIC MOHATUSA TEOPHUH MHOKECTB

[lox mHodHCECMBOM TIOHUMAIOT COBOKYITHOCTh OOBEMHEHHBIX B €IMHOE LIEJIOE
00BEKTOB (3JIEMEHTOB), PA3TMIUMBIX MEXKIY cO00i. 3anmuch X € X 03HAYAET, YTO dJIe-
MEHT X MIPUHAJIEKUT MHOKECTBY X.

MHoxecTBa OBIBAlOT KOHEYHBIMH M OCCKOHEYHBIMH. [IpmMepoM KOHEYHOTO
MHOXXECTBA SIBJISIETCS MHOXXECTBO CTYAEHTOB CTyJAE€HUYecKoW rpynmsl. IIpumepom
OECKOHEYHOT0 MHOXECTBA SIBJISICTCSI MHOXKECTBO BCEX JNCHCTBUTENbHBIX umceln. Jlis
KOHEYHOTO MHOXKeCTBa M ompeeneHo MOHITHE MOITHOCTH. MoIHOCTRI0 |M| Ha3bI-
BAETCsl YUCJIO AJIIEMEHTOB B JAaHHOM KOHEUHOM MHoOkecTBe. Ecniu [M|=0, MHOXeCTBO
Ha3bIBACTCS MyCTHIM W 00O3HadaeTcs . B Teopuu MHOKECTB Ba)KHBIM SIBIISICTCSI
TaK)Ke TMOHSATHUE YHHMBEpcalbHOro MHOkecTBa U. YHuBepcanbHoe MHOXkecTBO U
BKJIFOYAET B ce0s BCE OCTaIbHbIE MHOXKECTBA.

MHoO»xecTBa MOTYT 3a/1aBaThCSL:

1. IlepeuucnenueM 3JIEMEHTOB Yepe3 3aMsaTyi0 B (PUTYPHBIX CKOOKax. DTOT
Croco0 MOKET ObITh MPUMEHUM TOJBKO JIJI KOHEUHBIX MHOXeECTB. [Ipu 3TOM mops-
JIOK TIEPEUNCIICHUS AIIEMEHTOB HE SBJISIETCS] CYLIECTBEHHBIM.

IIpumepsil.

A={0,1,2,3,4,5,6,7,8, 9}.

{1, 2,3} ={3, 2,1} = {1, 3, 3, 2} - nOpAI0K NEPECUUCIICHUS DIICMECHTOB U HX
YUCJIO HE SIBIISIETCS CYIIECTBEHHBIM.

2. OnucaHueM CBOMCTB, OJJHO3HAYHO OMPEAEISIOIINX MPUHAIJIEKHOCTh 3Jie-
MEHTOB K JAHHOMY MHOXECTBY (IIsl KOHEUHBIX M O€CKOHEUHBIX MHOXKECTB). DTOMY
croco0y 3a7jaHusi COOTBETCTBYET 3alKCh CIAEAYIOLIETO BUAA:

A={x| P(x)}.

OTa 3amuch KOTOpas YUTACTCS CIEIYIOIIUM O0pa30oM: MHOXKECTBO 3JIEMEHTOB
X, 00Jaar0mux CBOUCTBOM P(X).

Ipumep.
A={x|xeZ, 0<x<9} - muoxectBO 1dp ot 0 10 9.

MHOXeCTBO A SIBISIETCS NOOMHOIICECMEOM MHOXKECTBA B, ecim Ka)KIblil diie-
MEHT MHOXKECTBa A SIBIISIETCSA JIEMEHTOM MHOXecTBa B. D10 o6o3Hauaercs ciemy-
rommM obpazom: AcCB.

Onepauml Haa MHOKECTBAMH

1. Obveounenuem muoxectB A u B Ha3zwpiBaeTcd MHOKecTBO AUB, Bce ae-
MEHTBI KOTOPOTO SIBJISIFOTCS 3JIEMEHTAaMU MHOXKECTBa A WJIM MHOecTBa B.
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IIpumep.

A={1,2} B={2,3} AUB={l1,2,3}.

2. Ilepeceuenuem Muoxects A u B HaspiBaeTcs MHOkecTBO ANB, Bce aie-
MEHTBI KOTOPOTO SIBJISIOTCS 3JIEMEHTaMU 000UX MHOYKECTB.

IIpumep.

A={1,2} B={2,3} AnB={2}.

s onepanuii 0ObEAMHEHHS U TIEPECEUCHHUS BBIMIOIHAETCS CBOMCTBO KOMMY-
tatuBHOCTU: ANB=BMNA u AUB=BUA.

3. Pasznocmowio MuoXecTB A u B HaspiBaeTcs MHOXKecTBO A\B Bcex Tex aie-
MEHTOB MHOKECTBa A, KOTOpbIE€ HE TPUHAJIEKAT MHOKECTBY B.

IIpumep.

A={1,2,3} B={2,3,5} A\B={1} B\A={5}.

[Tpu sTom A\B=B\A.

4. Cummempuyeckoi pasHocmvplo MHOXKECTB A U B Ha3biBaeTCs MHOXXECTBO
A+B, onpenensemoe cienyronmum oopazom: A+B=(A\B)U(B\A).

IHpumep.

A={l1,2,3}, B={2,3,5}, A+B={l1, 5}.

5. J{ononnenuem MHOXKECTBA A Ha3hIBAETCS MHOXKECTBO A BCEX DIEMEHTOB,
KOTOpBIE He IPHHAJIEKAT MHOKeCTBY A. MoxHO 3amicath. A=U\A.

JIist HATJIATHOM WJUTIOCTPAIMK OTlepaluil HaJl MHOKECTBAMU MOTYT OBITh HC-
M0JIb30BaHbI TuarpaMmbl Ditniepa-Benna (pucyHok 1.1):

U U Uy S22
@ ‘e | e

-

A AUB AmB A\B

B\A A+B A

Puc. 1.1. Juarpammel Ditnepa-BenHa

s mpeoOpa3oBaHus BRIPAKEHUM ¢ MHOXKECTBAMM COJCPKAIIMX MHOXXECTBA,
UCIIOJIB3YIOTCS OCHOBHBIE TOXKJIECTBA aJireOphl MHOXKECTB. IIpuopurter oneparuii (B
NopsiIKe YOBIBaHUS): OMOJHEHHUE, MepecedeHrne, 00beIMHCHUE, PAa3HOCTh, CHMMET-
pHYEeCKast pa3HOCTb.



OcHOBHBIE TOKIECTBA aJIFeﬁpr MHOXKECTB

1. AUB=BUA I’. AnB=BNA
(CBOMCTBO KOMMYTATHUBHOCTH )
2. AuBUC)= (AuB)UC 2’. An(BNC)=(AnB)"C
(CBOMCTBO acCOLIMATUBHOCTH)
3. Au(BNC)=(AUB)N(ALC) 3’. An(BUC)=(ANB)U(ANC)
(CBOMCTBO TUCTPUOYTUBHOCTH)
4, AUA=A 4. AnA=A
(CBOMCTBO UJIEMIIOTEHTHOCTH )
5. AUB=ANB 5. AnB=AUB
(3akonbI e Moprana)
6. AU(ANB)=A 6’. An(AUB)=A
(3aKOHBI MOTJIOIICHUS)
7. AUA=U 7. AnA=J
8. AuU=U 8. AnU=A
9. AUZ=A 9. AnYG=Y

10. A=A (1BOiiHOE OTpHUIaHKE)
11. AA\B=ANB

IHokpeiTHE U pa3OHeHue MHOKECTB

COBOKYITHOCTh MHOXECTB {A1, Az, ..., Ak} Ha3bIBACTCS HOKpblMuUEeM MHOMKE-
CTBa A, eClli IMEET MEeCTO paBeHCTBO  A=A1UAU... Ak, Tae Ai, Aa, ..., Ak - 6110-
KW TIOKPBITHS.

Paszbuenuem MHOXKeCTBa A Ha3bIBAaCTCS TaKOE MOKPBHITHE MHOXKECTBAa A, B KO-
TOPOM BCE€ MHOKeCTBA A1, Ay, ..., A TIOIMApPHO HE NEPECEKAOTCS.

IHpumep.

A={1,2,3,4,5},

A={1,2} A={2, 3} As={3, 4, 5} - G;10KH MOKPHITHS,

A1={1, 2} A,={3, 4, 5} - 6;oku pa3dueHus.

Jlnst moGoro pazdueHuss MHOKECTBA A CIIPAaBEAJIMBO MTPABUIIO CYyMMBI !

[AF[ALH A+ H A

J1J1st MOKPBITUS MHOYKECTBA A 3TO TIPABUJIO 3aMMIIIETCS CISAYIOIIMM 00pa3oMm:

|AI<| A1+ A2[+...H AL

JleKkapToBO MPOU3BeIeHHEe MHOKECTB

lexapmogvim (IPSIMBIM) TPOU3BEJACHUEM ABYX MHOXECTB A u B Ha3biBaeTcs
COBOKYMHOCTb YNOPSAOYEHHBIX Hap (a, b) Takux, uro a€A u beB. DT10 0003HayaeT-



cs kak AxB. AxB={(a, b) | acA, beB}. Ilpu 3T0oM B ynopsaa0oueHHOI1 nape MmopsiIoK
CJIEZIOBAHUS 3JIEMEHTOB SIBIISICTCS CYLIECTBEHHBIM.

JlekapTOBBIM NPOU3BENECHUEM h MHOXKECTB A1, A, ..., Apn Ha3bIBaeTCA COBO-
KYITHOCTh YIOPSZIOYEHHBIX HAOOPOB M3 N 3JIEMEHTOB (a1, a2, ..., an) TAKHUX, YTO
a1€A1, azeAz, cens aneAn.

Ecmm Ai;=A,= ..=A,=A, TO JeKapTOBO Npom3BeAcHHE Aj1xAsX..xA=A"
Ha3bIBACTCS N-JACKAPTOBON CTEMEHBIO MHOXKECTBA A, 0603HadaeTcs A"

Ipumep.

A={1,2,3}, B={4,5},

AxB={(1,4), (1,5),(2,4),(2,5),(3,4), (3,5)}.

BxA={(4, 1), (4, 2), 4, 3), (5, 1), (5, 2), (5, 3)}.

A={(1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2),(3,3) }.

AxB#BxA.

[Tycts A1, Az, ..., An - KOHEUHBIE MHOXECTBA, TOTJla CIIPABEIIMBO MPABHUIIO
|A1xAoX...xAn|=|A1|-|Az|"...-|An|, KOTOpOE HA3BIBACTCS NPABUIOM NPOU3BEOCHUSL.

1.2. HeueTKne MHOKECTBA

Paccmorpum mHOokecTBO E m ero moamuoxkectBo A: ACE. IlpuHanieKHOCTh
AJIEMEHTa X U3 MHOXecTBa E moaMHoxkecTBy A 0003HauaeTcs X €A, OJHaKo sl 3a-
JTaHUSI MHOXKECTBA MOXKHO HMCIIOJIb30BaTh XapaKTEPUCTHUYECCKYI0 (PYHKIHIO Ha(X),
3HAYCHUSI KOTOPOW YKAa3bIBACT, SIBJISIETCS JIM DJIEMEHT X W3 MHOXeCTBa E 3jieMeHTOM
MMOAMHOKeCTBa A.

1 ecmuxe A

X)=
# (%) 0, ecmu X ¢ A

[Tycth xapakrepucTuueckass GyHKIMS MOXKET MPUHUMATh JI000e 3HAYCHHUE B
unrepBaie [0, 1]. Heuemkum noomnooicecmeom A mHOX)ecTBa E Ha3pIBaeTCss MHOXKe-
CTBO yrnopsigoueHHbIX map {(X | pa(x))} VxeE. 3necy pa(x) - pyuxyus npunaonesic-
Hocmu, TIPUHUMAIOIIAsl CBOM 3HAYEHUsS B MHOXECTBE M W yKka3bIBawollasi CTEIECHb
WM YPOBEHb MPUHAIICKHOCTH 3JIEMEHTA X NOAMHOXeCTBY A. Hapsiay ¢ TepMuHOM
"HEUeTKOE MOJIMHOKECTBO" UCIOJIb3YETCS TAK)KE TEPMHUH "HEUETKOE MHOXKECTBO' .

IIpumepsl.

1. JTansl MHOXECTBO E M MHOXKECTBO npuHajIexKHOCTEN M:

E={a, b, ¢, d, e, f}, M={0, 0.5, 1}.

Torma ogHO M3 HEYETKHX MOAMHOXKECTB A MOXKHO ONPEACNIHUTH CIIECAYIOIINM
obpazom:

A={(a]0), (b]1),(c[0.5), (d]0), (e]0.5), (| 1)}

2. Ilycth N MHOXKECTBO HaTypaJbHBIX UHCEJI, TOTJIa HEUETKOE MOJIMHOXKECTBO
HEOOJIBIIINX HATYPATbHBIX YUCE]I MOXKET ObITh OMPEICIICHO B BUIE
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A={(1]1),(210.8),(310.6),(410.4),(510.2), (6 0),(710), ...}.
3HadyeHus (bYHKHI/II/I MNPUHAAJIC)KKHOCTHU 3aAdal0TCA B KAKIOM CJIy4dac CY6T)CK-
THUBHO. I[JIH IMOCTPOCHHA (b}’HKHI/II/I IMPUHAAJIC)KHOCTH HCIIOJIB3YIOTCA OKCIICPTHBIC

orleHku. Hampumep, moctpoum (QPyHKIUIO TPUHAAJIEHKHOCTH HEYETKOTO MOJIMHOXKE-
CTBa YMCEJN X NPUOTMKEHHO PAaBHOMY JIaHHOMY 4uciy Y (pucyHOK 1.2).

Ly (X)

I
I
l
1
I
I
I
l
1
I
I
| »
7 >
l

I

y X
Puc 1.2. 'padux pyHKIMM NPUHAIIEKHOCTH HEYETKOTO MOIMHOKECTBA
«X TPUOJIU3HUTEITBHO PABHO Y»

Jliis xoHedHbIX MHOXeCTB E 1 M MOXHO OIpeneInuTh MHOKECTBO HEUETKUX
noamuosxectB P(E). Eciu |[E[=n, a |[M|=m, To |P(E)|=m".

IHpumep.

E={x, y}, M={0.2, 0.4}.
o 4F;(}|§):{{(X 10.2), (y [0.2)}, {(x|0.2), (y [ 0.4)}, {(x | 0.4), (y [ 0.2)}, {(x | 0.4),
y|0.4)}}.

OcHoOBHBIE OIEPAUM HA/l HEYeTKMMH MHOKECTBAMHU
PaccmoTpum MHOXeECTBO E u 1Ba HeuéTkux MHOXKecTBa A u B.

1. Bxarouenue. 1'0oBOpST, 4TO MHOXKECTBO A BKIO4eHO B B, ecin VxeE
ma(x)<pp(x). Ipu aTom ucnonszyercs o6o3HaueHne AcCB.

Ipumep.

A={(x1]0.4), (x2]0.2), (x3]0)}.

B={(x1]0.2), (x2]0.1), (x3]0)}.

BcA.

2. Pagencmeo. Heuerkue nonmHoxectsa A u B paBubl (0003HaueHue: A=B),
ecmu VXeE  pa(x)=us(x).

3. Jlononnenue.



HeueTkoe MOIMHOKECTBO A Ha3bIBACTCS JOIOIHCHHEM HEYETKOTO MOIMHO-
KectBa A, eciii VXeE p (X)=1-pa(x).

4. [lepeceuenuem HEUYETKUX MOAMHOXKECTB A U B Ha3zpiBaeTcss HEUETKOE MO/I-
MHOXXeCcTBO ANB ¢ QpyHKIMeH TpruHaAIEeKHOCTH

VxeE panp(X)=min(ua(x),u(x)).

5. Obvedunenuem NByX HEUETKUX MOAMHOXKECTB A u B Ha3bIBaeTcsl HEUETKOE
noAMHOXeCTBO AUB ¢ dyHKIIMEN NPUHAAJICKHOCTH:

VxeE paup(X)=max(ua(x),ip(x)).

6. Paznocmobio HEUETKUX TOJIMHOXECTB A U B Ha3bIBaeTCs HEUETKOE MOJIMHO-
*ecTtBo A-B, onpenensemoe B Buse: A-B=A N B.

7. Huzvtonkmuenoti cymmou HEUETKUX MOJIMHOXKECTB A u B HaspIBaeTCs He-
4eTKoe TmoAMHOKecTBO A®@B, omnpeaensemoe cieayromuMm ob6pazoM: ADB=
(ANB)U(BNA).

8. Aneebopauueckum npouszsedenuem HEICTKUX TOAMHOKECTB A 1 B Ha3piBa-
€TCsl HEYETKOE MOAMHOKEeCTBO AeB C (hyHKIIMEN NpruHaIIeKHOCTH:

VXeE  pHaen(X)=p a(X) 1 B(X).

9. Aneebpauueckoui cymmoui IByX HEUETKUX MOJAMHOXKECTB A 1 B HaspiBaeTcs
HEYETKOEe MOJIMHOKECTBO A + B C pyHKIIMEH NIpUHAICKHOCTH:

VXeE i, , THAGHLB()-HAG)- 1 B(X).

IIpumep. PaccmoTprum 1Ba HEYETKUX MOJAMHOXKECTBA!
A:{(X1| 02)9 (X2| 07)7 (X3| 1): (X4| 0)7 (X5| 05)}
B:{(X1| 0.5), (X2| 03), (X3| 1), (X4| 0.1), (X5| 05)}

HpI/IMeHHM K 9THM IIOJAMHOKCCTBAM OCHOBHBIC PaCCMOTPCHHEIC OHepaHI/II/IZ
ANB={(x1|0.2), (x2] 0.3), (x3] 1), (x4] 0), (x5| 0.5)}.

AUB={(x1] 0.5, (xz] 0.7), (xs| 1), (x4| 0.1), (x5] 0.5)}.

A={(x1]0.8), (x2] 0.3), (x3] 0), (x4 1), (x5] 0.5)}.

B={(x1]0.5), (x2] 0.7), (x3 0), (x4] 0.9), (x5 0.5)}.

A-B=ANB={(x1] 0.2), (x| 0.7), (xs] 0), (x¢| 0), (xs| 0.5)}.
B-A=BnA={(x:] 0.5), (xz] 0.3, (xs] 0), (xe| 0.1), (x5| 0.5)}.
A®B=(ANB)UBAA)={(x1] 0.5), (x2] 0.7), (x3] 0), (xa| 0.1), (xs| 0.5)}
AeB={(x1]0.1), (x2| 0.21), (x3| 1), (x4| 0), (x5 | 0.25)}.

ALB={(x1] 0.6), (x2] 0.79), (xa| 1), (xa| 0.1, (x5| 0.75)}.

[Tycts ae[0, 1]. IToomHnoscecmeom yposHs 0. HEYETKOTO MHOXKECTBA A Ha3bl-
BaeTCsl OOBIYHOE MOJIMHOXKECTBO, ONPEJICTICHHOE CISAYIOIINM 00pa3oMm:
Ac={x| pax)=a}.
Ecimn o=0.5, To MHOKeCTBO A=A( 5 Ha3bIBaeTCsI OOBIYHBIM MHOXKECTBOM, OJIU-
KAUTIMM K JaHHOMY HEYETKOMY.
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Ecan ao>01, TO AciCAos.

Ipumep. i HedeTkoro MEOKecTBa A={(X1[0.2), (x2| 0), (x3]0.7), (x4 | 0.8)}
A()‘]_:{X]_, X3, X4}) A0.5=A:{X3: X4}-

Teopema o nexommno3unum. JIro00e HeueTKOE MOJIMHOXKECTBO A MOXKHO pa3-
JOXKHTH CIeTYIoNMM 00pazoM: A=max (ct1Ac1; 02Aw2 ... 0nAan) 0<ai<l.
ol

Hanpumep, myctb A={(x1] 0.2), (x2| 0), (x3] 0.5), (x4] 1), (x5| 0.7)}.
A=max(0.2{(x1| 1), (x2| 0), (xs| 1), (x4] 1), (xs] 1)};
0.5{(x1]0), (x2] 0), (x3| 1), (xa| 1), (x5| 1)};
1{(x1] 0), (x2] 0), (x3] 0), (x4] 1), (x5] 0)};
0.7{(x1] 0), (x2] 0), (x3] 0), (x4 1), (x5] 1)}).

Paccrosinus MEKAY HCHETKHUMHU MHOKECTBAMUA

n
1. d(A, B)= Z‘ Ba (Xi) — pg (X )‘ , 0<d(A, B)2n - paccrosiHre XeMMUHTA WA
i=1
JINHENHOE PaCcCTOsIHUE.

d(A,B
2.6(A, B)=M - OTHOCUTEJILHOE PACCTOSIHUE XEMMUHTA.

3. e (A, B)=\/§:(MA (Xi) — g (Xi))2 , 0<e(A,B)<+/n- EBkmmioso, wi
i=1

KBaApPpaTHIHOC PACCTOSAHHC,

4. ¢(A, B)= e('j’_B)
n

- OTHOCHUTCIIBHOC EBKJII/II[OBO pPacCTOAHUC.

1.3. OcHOBBI TEOPUM OTHOIIECHUIT

N-mecmuvim (N-apuvim) omnouienuem Ha MHOKECTBE A Ha3bIBa€TCS MOJAMHO-
#ecTBO R ero n-it nekaproBoit crenenu, T.e. RCA". Tlpu s3ToM MHOXeCTBO A Ha3bI-
BACTCA HOCumeemM NAHHOTO OTHOLICHHUS. [ 0BOpAT, YTO 3JIEMEHTHI a1, A, ..., an HAXO-
JSTCS B OTHOIICHHUU R, eciu yropsiiodeHHbIH HaOop (ai, ay, ..., an) €R. OmHOMECTHOE
OTHOILICHUE HA3bIBAETCSI YHAPHBLIM U COOTBETCTBYET IMOJIMHOKECTBY MHOKECTBA A.

Jleymecmuvim unu OuHapHuLIM OmMHOUleHUeM HAa MHOXKECTBE A Ha3BIBACTCS
IIOMHOYKECTBO €ro KBaapara RCA? BUHapHBIM OTHOLIEHHEM MEXIY MHOXKECTBAMH
A u B nHaspiBaeTcs nmoamHoxkecTBO RCAXB. s o6o3HaueHUs] MPUHAIICKHOCTH
YHOPSIAOUYECHHOM mapa (a1, a2) OTHOIIEHUIO R ucnonap3yercs 3amnuch:

(a1, a2) eR mim ajRas.
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IIpumep.

1. ITycth mano muoxkectBo A={1, 2, 3}. Onpenenum Ha HEM OJHO W3 BO3MOXK-
HBIX OMHAPHBIX OTHOIICHU.

A?={(1,1),(1,2),(1,3),(2,1),(22),(273),(3,1), (3,2), (3,3)}.

RcA?={(1, 2), (1, 3), (2, 3)}.

2. OTHOIICHHE PaBEHCTBA HA MHOXKECTBE HATYPAIBHBIX YHCEN - 3TO OMHApHOE
OTHOIIICHHE!

R={(a, b) | aeN, beN, a=b}.

Obpamuvim omHoweHuem JJi1 OTHOIICHUS R Ha3bIiBaeTcs OTHOIIEHUE

R1={(b, a) | (a, b)eR}.

Taxkum 00pa3om, B 0OpaTHOM OTHOIIEHUH DJIEMEHTHI BCEX YITOPSA0YCHHBIX Tap
MEHSIIOTCS MECTaMHU.

OTHoOIIEHNS MOYKHO 3a/1aBaTh:

1. C ucnonp3oBaHUEM JHO00T0 CIIOCO0a 3a/IaHUST MHOKECTB.

2. C uCroap30BaHUEM MaTPHIIBI.

3. C ucnonp3oBanuem rpada.

Mampuyeu 6unaprnoco omnowienusi R Ha3bpIBaeTcsl KBapaTHas Mmatpunua R mo-
psAKa n, 3JIEMEHTBI KOTOPOU 3a1at0TCA CIENAYIOIIMM 00pa3oM:

1, €CJIN (al ) aj) € R,
=
! O, cciau (al , aj) ¢ R.

IHpumep.
st otnomennst R={(1, 2), (2, 3), (3, 1), (3, 2)} maTpuiia OyieT UMETh BUI:

010
R=|0 01
110

Kaxxmomy OMHapHOMY OTHOIIIEHHIO MOKHO MOCTaBUTh B COOTBETCTBUE Tpad
G=(X, U), npencrapnstomuii coo0r COBOKyMHOCTh MHOXeCTB X 1 U, rne X - MHO-
*KecTBO BepmuH rpada, a U - MHOKECTBO JIyT, COSAMHSIONINX BCE UM HEKOTOPHIE U3
9THX BepmnH. [Ipu 3TOM BEpIIMHBI aj, aj COSTUHSIOTCS TyroH, eciu (a;, a;) €R.

Hanpumep, rpad paccmarpruBaeMoro OMHaApHOTO OTHOIICHUS UMeEET BUJ (pH-
cyHok 1.3):
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Puc. 1.3. I'pad) OGuHApHOTO OTHOIICHHS

Onepaunn HaJx 6I/IHapHLlMI/I OTHOINICHUAMH

Han OuHapHBIMM OTHOIIICHHSIMU Takue€ K€ OIepaluu, Kak U HaJ MHOXKECTBa-
MU TIepeceveHre, 00beTMHEHHE, PA3HOCTh, CHMMETPUYECKasl Pa3HOCTh, JIOTIOJTHEHHE.
[Ipu 3TOM B KauecTBE AIEMEHTOB UCIOJIB3YIOTCS YIIOPSAIOUYECHHBIE TIaphl.

IHpumep.

Ri={(1,2),(2,3), (3, 1), (3, 2)};

R:={(1,1),(2,1), (2 3), (3, 3)};

RiUR={(1, 1), (1, 2), (2, 1), (2, 3), (3, 1), (3, 2), (3, 3)};

RiNR={(2, 3)};

R1\R,={(1, 2), (3, 1), (3, 2)};

R\R:={(1, 1), (2, 1), (3, 3)};

R1+R={(1, 2), (3, 1), (3, 2), (1, 1), (2, 1), (3, 3)}.

Komnoszuyuen orHomenuit Ry u Ry Ha3pIBaeTCsl OTHOIIICHUE
RieR;={(a, b) | 3c: (a, c)eRy, (¢, b)eRy}.

IHpumep.

Ri1={(1, 2), (3, 4)}.

R.={(2, 3), (4,5)}.

RieR,={(1, 3), (3, 5)}.

Jns mo6b1x 6uHapHbiX otHomeHui (R71)1=R u RjeR,= R,1eR; .
CaoiicTBa OMHAPHBIX OTHOLICHUM
[Tycth Ha MHOECTBE A 3a1aHO OMHapHOe oTHOLIEHuE R.

1. bunapHoe otHoieHue R Ha3bIBaeTcs peghiexcusHvim, eciiu
VaeA (a, a)eR.
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Marpuma pedaeKkCHBHOTO OMHAPHOIO OTHOIICHHS COJACPKHT CAMHHUIBI Ha
TJIABHOW JMaroHaiu, a B rpade pedIeKCMBHOrO OMHAPHOTO OTHOIICHHUS KaXKaas
BEPIIMHA UMEET METIIIO.

2. bunapHoe oTHoIIeHHE R Ha3bIBaeTCSA anmupepiekcueHviM, eCu

VacA (a,a)gR.

Marpuma aHTUpe(ICKCHBHOIO OMHAPHOTO OTHOIICHHS COAEPKUT HYJIH Ha
rJIaBHOW JMAroHaiu, a rpad) TaKoro OTHONICHHS HE MMEET MeTEb.

3. BuHapHOE OTHOIIICHUE HA3BIBACTCS CUMMEMPUUHBIM, CCITH

V a,beA ((a,b)eR — (b, a)eR).

Marpuiia CHMMETPUYHOTO OMHAPHOT'O OTHOIICHUS CUMMETPUYHA OTHOCUTEIh-
HO TJIaBHOM nuaroHaind. B rpade cMMMeTpHYHOro OMHAPHOIO OTHOIICHHS BCE BEp-
IIMHBI COETUHEHBI MMAPOi MPOTHUBOTOIOKHO HAIIPABICHHBIX JIYT.

4. BUHApHOE OTHOIICHUE HA3BIBACTCS AHMUCUMMEMPUYHBIM, SCITH

Va,beA, ((a,b)eR u (b, a)eR)—>a=h.

Marpuiia aHTHCUMMETPUYHOTO OMHAPHOTO OTHOIICHHUS HE CHUMMETPUYHA OT-
HOCHTEJILHO TJIABHOM HAroHali, a B rpad)e OTCYTCTBYIOT IMTPOTHBOITOJIOKHO HAITPaB-
JICHHBIC JTyTH.

5. BuHapHOE OTHOIIICHHE HA3BIBACTCS MPAHZUMUGHBIM, SCITH

Va,b,ceA ((a,c)eR u(c,b)eR)— (a, b)eR.

IHpumepsl.
1. OTHOIIEHNE paBEeHCTBA HA MHOYKECTBE IIEIIBIX YUCEI
R={(a, b) | a, beZ, a=b}
pedIIeKCUBHO, CAMMETPHYHO U TPAH3UTHBHO.
2. Omnpenenum cBoiicTBa otHomeHust R={(a, b) | a, beN, a/beN }:
- peduiekcuBHO, T.K. a/a€N;
- antucuMmeTpudHo: a/beN, b/agN;
- TPAaH3UTUBHO:

a/b:kle N, b/C:kze N, a/C:kl-kQE N.
CHeHHaJI])HI)Ie 6I/IHaprIe OTHOIIICHMUA.

OmHoweHuem 3K6UBANEHMHOCMY HA MHOKECTBE A Ha3bIBaeTCsl OMHApHOE OT-
HOIIIEHUE, 00J1a/aroliee CBOUCTBaMU PEPIICKCUBHOCTH, CHMMETPUYHOCTA U TPAH3H-
TUBHOCTU. DTO 0003HaUYaeTCs aEb (a sxBUBasieHTHO b Mo oTHOmEeHuto R). MHoraa

CHUMBOJI R B 3amucu omyckaroT.
IIpuMepsbl. OTHOIIEHUSIMU YKBUBAJICHTHOCTH SIBJISIFOTCSI:

- OTHOIONCHHC PAaBCHCTBA HaA JTH000M MHOXECTBE,
- OTHOIICHHUEC NapaJlJICIbHOCTH MPSIMBIX,
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bunapHoe OTHOIIEHHE HA MHOXKECTBE A HA3bIBAETCS OTHOIICHHEM CHIPO2020
nopsaoKa, eclii OHO 00JafaeT CBOMCTBAMH aHTUPE(IECKCHUBHOCTH, aHTUCHMMETPHY-
HOCTH W TpaH3UTUBHOCTU. OTHOLIEHUE CTPOTOro MOpsiAKa 0003HAYAETCs CIEeAyIO-
UM 00pa3oMm: agb (a menbIie b o oTHOMIEHUIO R).

bunapHOe OTHOIIEHHE Ha MHOKECTBE A HA3bIBAETCS] OTHOILICHUEM HECHpPO2020
(vacmuuno2o) MOpsAJIKA, €CIIM OHO 00yamaeT cBocTBaMU PedIeKCUBHOCTU, aHTH-

CUMMETPUYHOCTU U TpaH3UTUBHOCTU. OO03HaueHue: a< b (a MEHbIE UK PaBHO b
R

10 OTHOIIIEHUIO R).
OTHOIIIEHHE CTPOTOr0 M HECTPOroro MOpsijiKa Ha3bIBAIOT OMHOUEHUAMU YHO-
PAOOYEHHOCMU A OMHOUWEHUAMU NOPSOKA.

IIpuMmepsbI.

1. OtHomeHue "MenbIe"” (<) - 3TO OTHOIIEHUE CTPOTOro MOPSJIKA.

2. OTHomeHue "MeHbIIe Wik paBHO' (<)- OTHOIIICHHE YaCTHYHOTO TOPS/IKA.

3. IlycTh Ha MHOKECTBE MOJAMHOXECTB HEKOTOPOTO YHUBEPCAIBLHOIO MHOKE-
CTBa 3a/IaHO OTHOIIICHHE “‘ObITh MOJAMHOXKECTBOM . Torja 310 OoTHOIICHHE pediiek-
CHUBHO, TaK Kak ACA. OTHOIIIEHNE aHTUCUMMETPUYHOE, TaK Kak ecinu AcCB, To B&
A, (ycnoBue “ecniu AcCB, To BCA” BeinosiHsieTcst Toabko ecnu B=A). OTHomieHue
TpaH3uTUBHOE, Tak Kak eciii ACB u BcC, to AcC. CnenoBaTeiabHO, 3TO OTHOIIIE-
HUE YaCTUYHOTO MOPSJIKA.

Ecnu mexnay 3inemMeHTaMu a 1 b yCTaHOBIIEHO OTHOLIEHUE MOPSIIKA, OHU Ha3bl-
BAIOTCS CPAaBHUMBIMM, MHAYE - HECPABHUMBIMU. OTHOIIEHUE MOPSAIKAa HA MHOXKECTBE
A Ha3bIBAETCS OTHOILLIECHUEM JUHEUHO20 NOPAOKA, €CIIN JTHOObIE ABA JIEMEHTa MHOXKE-
CTBAa A CpaBHUMBI.

PaccMOTpuM HeEmycTO€ KOHEYHOE MHOXKECTBO A, HA KOTOPOM 3aJaHO OTHOILE-
HHE YaCTHYHOTO MOpsaka. ['0BOPAT, 4TO 3JIEMEHT b MOKPHIBACT 3JEMEHT a, ecii a<b
U HE CYIIECTBYET TaKOI0 AJIEMEHTa C, 4To a<c<h.

JIro60e 4YacTUYHO YHOPSJOUYEHHOE MHOXKECTBO MOYKHO MPEACTABUTH B BUJE
CXEMBI, B KOTOPOM KaKIIbIi 2JIEMEHT M300pa)kaeTcsi TOYKON Ha MIIOCKOCTH, U €Cli b
MOKPBIBACT 4, TO TOYKA @ U TOYKA b COCTUHAIOTCS OTPE3KOM (WJIM IYroi), Mpudem
TOYka b pacrmosiaraercsi BbIIIIE TOYKU a. TaKhe CXEMbl HA3bIBAIOTCS Ouazpammami
Xacce.

[TycTh 3amano mHOkecTBO M={b, c ,e}. M300pa3um B Buje quarpammbl Xacce
Ha MHOKecTBe P(M) oTHOIIEHHE "OBITh MOAMHOXECTBOM" (pUCYHOK 1.4).

Jlnst mocTpoeHust quarpaMmbl Xacce NMpeIBapUTEIbHO 3alUIlIeM BCE MOJAMHO-
*KecTBa MHOXKecTBa M:

{9, {b}, {c}, {e}, {b, c}, {b, e}, {c, e}, {b, ¢, e}}.
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{b,c.e}

ib.c}
ic.ej

{b} e}

O

Puc. 1.4. I[HarpaMMa Xacce JJI1 OTHOIICHUSA «OBITh IIOAMHOXKCCTBOM»

1.4. HeyeTKHe OTHOIICHUS

Heuemxum omuowenuem R Ha MHOXkeCTBE X HA3bIBAETCA HEUYETKOE IMOJIMHO-
KECTBO JIEKapTOBOIO Mpou3BeaeHUs XXX, Xapakrepusytouieecs GyHKIHEN nmpuHaj-
aexnoctu pre [0, 1].

Ecnau mHO)ecTBO X KOHEUHOE, TO (DYHKIIMS MPUHAIICIKHOCTU UR TTPEACTABIISA-
€T co00i KBaApaTHYIO MaTPHILy, DJIEMEHT KOTOPOH C MHJEKCOM 1] O3HAYaeT CTEIEHb
BBINIOJIHCHNS] OTHOLICHMS JUTs Iapsl (X, X j) .

Hocumenem newemrxozco ommnowienus R Ha3biBaeTcsi OOBIYHOE OTHOLICHHE Ha
MHOKECTBE X, CBsI3bIBarolIee Bce mapsl (X, X j) , JUISL KOTOPBIX CTEIIEHb BBINIOJIHEHHUS

JTAHHOT'O HEeYeTKOro oTHorueHus #0:

S(R)={( %, Xj) | ur(Xj,X)#0}.

Martpuily HocUTes] HEYETKOrO OTHOILIEHUSI MOXKHO MOJTY4YUTh, 3AMEHUB B MaT-
pHIIE UCXOJHOTO HEYETKOTO OTHOLLIEHUS €IMHUIIAMHU BCE HEHYJIEBBIE 3JIEMEHTHI.

OmHoweHuem ypo6Hs ( HEYETKOTo OTHOIIEeHHs] R Ha MHOXecTBe X Ha3bIBaeT-
Cs1 0OBIYHOE OTHOILIEHUE HA MHOECTBE X, CBA3BIBAIOIIEE T€ Maphl (X;,Xj), 11 KOTO-
PBIX CTENEHb BHINIOJHEHUS! JaHHOTO HEYETKOTO OTHOLLEHUS 0L

R ={(Xi, Xj) | mr(Xj, X ) >0}

Martpuily Ui OTHOIICHHSI YPOBHS OL MOXXHO TIOJYyYUTh, 3aMEHHB B MaTpPHIIC
HEYETKOTO OTHOIIEHHS R ennHuIIaMu Bce 2JIEMEHTHI, 3HaYeHHE KOTOPBIX >0l M HYJIsI-
MU BC€ OCTaJIbHBIE DJIEMEHTHI.

Obviunoe omHoweHue, baudxcaluiee Kk OaHHOMY Heuemkomy, R ompepensercs
CIEAYIOIIMM 00pa3oMm:
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1, uR (Xj, XJ) > 0.5,
HR(Xj, X ) = 0
MR (X, Xj) <0.5.
ITpumep. PaccMOTprM MHOXKECTBO X={X1, X2, X3}. Onpeaearm Ha 3TOM MHO-
KECTBC HCUCTKOC OTHOIIICHUC
R={ ((x1, x1) | 0), (X1, X2) | 0), ((X1, x3) | 0.1), ((X2, x1) | 0), ((x2, x2) | 0.2),
((XZ, X3) | 0)9 ((X39 Xl) | 04)7 ((X3= XZ) | 04)3 ((X39 X3) | 05)}

0 0 01
Martpuna Heuetkoro otnomenusi: | 0 08 O
04 04 05

Hocutenb JaHHOT'O HCUYCTKOI'O OTHOIIICHUA:

S(R):{(Xla X3)9 (X27 X2)a (X3a Xl)a (X3: Xz)a (X39 X3)}'

Marpuna HoCUTeNS:

O O

0
1
1

, O

OTtHoleHue, OmKaiiee K JaHHOMY HEYETKOMY:

B:{(X2, XZ) (X39 X3)}

o +— O
O O

0
Martpuna otHomenus R: | 0
0

Onepauml HaaA HCYCTKUMHU OTHOIICHUAIMHU

Haz[ HCYCTKUMHN OTHOIICHUAMMU OIIPCACIICHBI TC JKC OIICpAllMM, YTO WM HaJl HC-
YCTKHMMH MHOXXCCTBaMU.

1. Bxnouenue. T'oBopsT, uto otHomeHue R Bkimoueno B otHomrenne Q (RcQ),
eci V(Xi , Xj) e XxX “R(Xi , Xj) < “Q(Xi ) Xj) .

2. Pasencmeo. Heuetkue otnomenus R u Q pasubl Mexy coboit (R=Q), eciu
uX QYHKUMK IPUHAUIEKHOCTH paBHbL: V(Xj, X () € XxX pr(Xj, X ) =pa(Xj, X;) .

3. [ononnenuem HEYETKOTO OTHOIICHUS R Ha3pIBaeTCs HEUYETKOE OTHOIIICHUE
R Takoe, uto V(Xj, Xj) eXxX, pg (Xj,Xj) =1 - pr (X, X;j).

4. [lepeceuenuem NByX HEYETKUX OTHOIICHUH R 1 Q Ha3bIBacTCS HEYETKOE OT-
HotreHne RMQ, onpenensemoe cieayronum oopazom:
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V(Xj,Xj) €XxX prag(Xj, Xj) =min(ur(Xi, X;), to(Xj, Xj)).

5. Obveounenuem nByX HedeTKHUX oTHommeHWH R m Q Ha3pIBaeTcs HeYeTKOE
oTHouieHue RUQ, onpezensemoe cieayommum 00pa3om:

V(Xj,Xj) €XxX prag(Xj, X j) =max(ur(Xi, X ), ma(Xj, Xj))-

6. AusvionkmusHot cymmoti He4eTKUX oTHoImeHu R n Q Ha3pIBaeTcs HEUeT-
Koe oTHomeHue R@Q, onpenensemMoe cieayronM o0pa3oM:

V(X Xj) eXxX,R®Q=(R N Q) U(QNR).

7. Pasnocmowio nByX HeueTKuX oTHomeHuM R m Q Ha3bIBaeTCs HEUETKOE OT-
HomeHue R-Q , onpenenseMoe cieayroniuM o0pa3oM:

V(X Xj) eXxX,R-Q=(RN Q).

8. Aneebpauueckum npoussedenuem HedeTKUX oTHOIIeHUH R n Q Ha3bIBaeTcs
HeueTkoe oTHoueHrue R-Q, onpenensemoe clieyomum o0pa3oMm:

V(Xj,Xj) €XxX pra(Xij, Xj) =HR(Xj, X j) ‘M Xj, X ) -

9. Aneebpauueckoii cymmori He4eTKUX oTHOIIeHU R u Q Ha3bIBaeTcs HeuerT-
Koe¢ oTHoIreHue R+ Q, onpeaensemoe CIeAyONM 00pa3oM:

V(Xi,Xj) €XxX, prag (X Xj) =HrR(Xj, Xj) *o(Xi, Xj) - pr(Xj, X ) -Ho(

Xi, Xj) .
( 0 0.3) (0.2 0.5}
R= : Q= :
0.7 04 O

RLO= 0.2 05 RAO= 03) = (1 07) 5 (08 05
o7 1) lo4a o) _0.3O’Q_0.61’

IIpumep.

R-Q=RNQ= 0 03 R®Q=(RNQ)uU(QNR)= 02 05

“ROQ=g6 1) - o6 1)
_ (02 05 0 015\ _ . (02 065

R'Q:(RQQ){M oj’ R.Q:£028 0 ) R+Q:(082 1 J

Kpome TOro, Hax HEYETKMMM OTHOLICHHUSIMH MOYKHO ONPENENIUTh HECKOJBKO
ornepanui, KOTOpble OTCYTCTBYIOT Y HEYETKUX MHOKECTB:
1. max-min KOMITO3UIUS WJIK MaKCMUHHAsA KOMITO3UIUS

HR.q (X, Y) = max min{ug (X,2), ng (z, )}
S
2. max-e 1ujin MaKCMYJIBTI/IHJ'II/IKaTI/IBHaﬂ KOMITIO3HUII A
HReq (X, Y) = Ta;{uR (X,2) e nug(z,¥)}-
(S
3. MiN-max KOMIO3ULXS WA MUHMAKCHAs KOMITO3ULIUSA
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HRxQ (X Y) = rznel)r(l max{ur (X,2),nq (2, )}

IIpumep.
2, 2 Yi Y2
X, (0 0.3 z,(02 05
R= , Q= :
x,\0.7 1 z,\04 O
) RoQ 03 O
oQ= - MAKCMHUHHAs1 KOMITO3UIHSI.
04 05 !
012 O
2) ReQ= - MAKCMYJIbTUILIMKATUBHAS KOMITO3ULIUSI.
04 0.3
0.2 03
3) RxQ= - MMHMaKCHasi KOMITO3ULHSI.
0.7 0.7

CBolicTBA HEYETKNX OTHOIIICHUH

[Tycts R HEueTKkOe OMHApHOE OTHOIICHKE, 3aIaHHOE HA MHOKECTBE X.

HeueTkoe otHonienue R Ha3bIBaeTcs peghrekcusnvim, ecim

VxeX ur(x, x)=1.

HeudeTkoe OTHOIIEHNE HA3bIBACTCS aHmMupep.ieKCUHbIM, €CITN

vxeX ur(x, x)=1.

HeueTkoe oTHOIIEHNE HA3BIBAETCS CUMMEMPUYHBIM, €CITU

V(Xi,Xj)GXXX MR(Xi,Xj)zuR(Xi,Xj).

HeueTkoe oTHOIIEHNE HA3BIBAETCS AHMUCUMMEMPUYHBIM, ECITU

V(Xi, Xj) €XxX pr(Xj, X ) #UR(Xj, X j) wmm pr(Xj, X j) =pr(Xj, X j) =0.

CogepuieHHbIM AHMUCUMMEMPUYHbIM OTHOLLIEHUEM Ha3bIBAETCS OTHOIICHHE,
onpeaensieMoe CIEAYIOIHUM 00pa3oMm:

V(Xi , Xj) e XxX },LR(Xi , Xj)>0, €Clin MR(XJ', Xi) =0.

Ipumepsl.
03 02 01
R=| 0.2 0.5 0.3]| - autupedrekcuBHOE, CUMMETPUYHOE OTHOIICHHE.
0.1 03 0.8
01 02 O
R=| 0 0.1 0.3 |- anTUpedaekcuBHOE, COBEPIICHHOE aHTUCUMMETPUIHOE.
05 0 01
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[Tycts R HeweTkoe oTHOIIEHHE Ha MHOXKecTBe X. HeueTkoe oTHOIIeHHE 00a-
JAeT CBOMCTBOM MAX-min mpau3umueHocmu,, €Ciu

MR (X.y) = maxmin{ug (x,2). uq (Z. ¥)}-

910 o3HayaeT, yTo R R < R
Heuetkoe oTHOIIEHHE 00J1a1a€T CBOMCTBOM MIN-max mpan3umueHocmu, Clii

uR (X, y) 2 minmax{ug (x,2),uq (z,y)}, re., R*RcR.
Z

08 1

IIpumep. [IpoBepuM TPaH3UTUBHOCTh OTHOIIECHUSI R= 0 04
[IpoBepuM TPaH3UTUBHOCTD:

0.8 0.8 .
RoR= 0 04 c R, crnenoBarenbHO OTHOLIEHUE 00JIaJJa€T CBOWCTBOM

Mmax-min TPaH3UTUBHOCTH.

08 1 .

R*xR= 04 04 ¢ R, cienoBarenbHO, OTHOIIIEHHE HE 00J1aaeT CBOMCTBOM

MiN-max TpaH3UTHBHOCTH.
CnenuajabHble THTIHI HEYETKUX OTHOIIEHU

CriennanbHbBIE THITBI HEYSTKUX OTHOMIEHWH MOXHO KPAaTKO MPEACTaBUTH Clie-
nyrouM oopazoM (tadbnuna 1.1):

Tabmura 1.1
CroenuaibHble THIBI HEYETKUX OTHOIIEHHUNA U UX CBOIICTBA

OTtHomeHus CsoiicTBa
Pednex- | Autupe- | Cummer- | AHTH- min-max | Min-max
CUBHOCTH | (hJIeK- puy- CUMMET- | TpaH3U- | TPAH3U-
CHUBHOCTb | HOCTh puy- THUBHOCTb | THBHOCTh
HOCTh
[Ipennopsnok + +
Crporuii nopsIok + + +
Hecrtporumii nopsnok | + + +
[Tomobue + + +
CxoncTBo + +
HecxonctBo + +
Paznnune + + +
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YnpaxxkueHus
1. Jloka3aTs.:

A\(AnB)=A\B;
A\(BUC)=(A\B) N(A\C);
(A\B)\C=(A\C)\(B\C);
A+(ANB)=A\B;
(A+B)U(ANB)=AUB;

AN (B+C)=(AnB)+(ANC);
(A+B)\A=B\A;
(A+B)+C=A+(B+C).

2. YOpOCTUTH BBIPAKECHUS:

((A\C)\(B\C))B;
(A\B)n (A UB);
A+(B+(AMB);
A+(A+B);
(A\(B+A))+(A\B);
(AN(B+A))+(A\B);
(A\B)+(B+A).

3. Jlano ornomenue R={(X,y) |X,yeZ, (2x*-2y*)nenurcs na 5}. Onpenenuts
€ro CBOMCTBA M MPHHAICKHOCTh K CIICIHUATBHBIM THIIAaM OWHAPHBIX OTHOIICHHUH, €C-
T Pe3yIbTAT JACTICHHS

1) uenoe yucio, oTmyHoe ot 0;

2) HEOTpHILIATENILHOE LEI0€ YUCIIO;

3) HaTypajabHOE YKCIIO;

4) nro0oe 1eJI0e YNCIIO.

4. Ha MHO>ECTBE 1IEeTbIX YHCEIT JaHbl OTHOIIICHHS .

1) “Oonprie HA N”;

2) “meHble Ha N’

3) “boubIiie B N pa3”;

4) “™meHblIiie B N pa3”.

OnpenenuTh WX CBOMCTBA M MPHUHAJIEKHOCTh K CHEIUATBHBIM TUIIAM OWHAp-
HBIX OTHOIIICHUH.
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2. KOMBUHATOPHUKA

2.1. OcHOBHBIC IPaBUJIA KOMOMHATOPHUKH

B ocHOBEe KOMOMHATOPHKH JieXkKAaT /1Ba IPaBHIIA!

- MPABUJIO CYMMBI;

- IPaBUIIO TPOU3BEICHUSI.

[Tycth B — KOHEUHOE MHOKECTBO, COCTOsIIEE U3 N 3eMeHTOB. Toraa sneMeHT
b, KOTOPBIN NMPHHAUICKHUT MHOXKECTBY B, Moxer ObITh BbIOpaH N criocobamu. Oc-
HOBHBIMH MPABHIIAMH KOMOMHATOPUKHU SIBJISIIOTCS MPABUIIO CYMMBI U IPABUIIO TIPOU3-
BEJICHUS.

1. Ilpasuno cymmwui. Ecnm amemeHT X MHOXKecTBa M MoOKeT ObITh BBHIOpaH N
criocobamu, a 3JeMEHT Y - M crocobamu, TO BbIOOp "'nmubo X, nubo y" Oyner ocy-
HIECTBJIEH N+M criocoOamH.

Ipumep. B cryaenuecko rpynmne 5 “ornmmunnkoB” u 10 “xopommcto”. [1o-
ATOMY JJi BbIOOpa “OTJIMUHMKA™ CYIIECTBYET 5 criocoOOB, a Jijisi BEIOOpaA “XOPOIIIHU-
cta” — 10 cnoco6oB. Toraa BbIOOp “OTAMYHMKA” WM “XOpOIIMCTA” TO MpaBUITY
CYMMBI MOXET OBbITh ocyniecTBIEH 5+10=15 cnocobamu.

2. IIpasuno npoussedenus. Ecim 3eMeHT X MOKeT OBITh BBIOpaH N criocobamu
U MIOCJIE KaXKJ0T0 U3 TaKUX BBIOOPOB AJIEMEHT Y MOXKET ObITh BBIOpaH M criocobamu,
TO BBIOOD yHopsiI0ueHHOU napsl (X, Y) OyzaeT ocyluecTBieH N-M crnocobamu.

IIpumep. Ilycts Ha cTyneHYECKYIO KOHPEPEHIINIO HYKHO OTIPABUTH OJHOTO
“oTnMuHMKA” U OJHOTO “XopommcTta”’. Torga koiruecTBO CrocoOoB BeIOOpaA Jiesera-
TOB MO MpaBwily npousBeneHus: pasHo 5-10 =150 (kaxxnomy u3 5 cnocob6oB BeIOOpa
“ornmyHuKa” cooTBeTCTBYET 10 ciocoOoB BeIOOpA “xopommcTa’.

2.2. KomOuHaTopHble KOH(pUrypanuumn

Habop snemenToB (a1, a,..., & ), COCTABJICHHBIA W3 DJIEMEHTOB MHOXECTBA
A= { a1... an}, Ha3BIBaeTCA 6bIOOPKOL 0OBEMa I M3 N 3JIeMEHTOB, WK (N, I) — ébLOOp-
KOU.

Ynopsinodennast (N, ) - BBIOOPKA, B KOTOPOH 3JIEMEHTBI MOTYT IMOBTOPSTHCS,
HazbiBaetcs (N, I) - pasmewenuem ¢ nogmopenusmuy. ECiu 3IeMEeHTBI yIIOpsa0veH-
HoU (N, I) - BEIOOPKH MMOTIAPHO pa3IMyHbI, TO OHA Ha3beiBaeTcs (N, I) - pasmewenuem
be3 nogmopenuil.

(n, n) - pasmemnieHus 63 MOBTOPEHUI HA3BIBAIOTCS N — NEPecmanoO8KamMu Uil
nepecmanosKamu uz N 31eMeHmos.

Heynopsinodennas (N, r) - BBIOOPKa, B KOTOPO JIEMEHTBI MOTYT OBTOPSATHCS,
Ha3biBaeTcs (N, I) - couemanuem ¢ nosmopenusimu. Heynopsinouennas (N, r) BeIOOp-
Ka, DJIEMEHTBI KOTOPOH HE MOBTOPsOTCS, HasbiBaeTcs (N, ) - couemanuem 6e3 no-
8MOpeHuULl.
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Brenéwm cremyromnie 0003HaueHUS:

AL - guciio (N,r) - pa3MenieHui 0e3 TOBTOPCHHMIA;

—r 5
An - uucio (n,r) - pa3MenIeHui ¢ TOBTOPCHHUSIMHU,;

CL - yucyo (N,r) - coueTanuii 6€3 MOBTOPCHUH;

—_— r o
Chn - uucino (N,r) - coYeTaHuii ¢ MOBTOPECHUSIMH;
Pn - 4KCIIO IEpeCTaHOBOK M3 N 3JIEMEHTOB.

1. Yucno (N, r) - pa3MeIeHuit ¢ MOBTOPEHUSIMH OIPEIEIISICTCS MO CICAYIONICH
dbopmyiie:

-

Ap = n'.

JleiicTBUTENBHO, Kaxao¢e (N, ) - pa3MEIeHUE ¢ MOBTOPEHUSAMH — 3TO YIIOPSI0-
YeHHasl MOCIeA0BATeNbHOCTh IIUHBI . KakpIil uieH mocienoBaTeIbHOCTH MOXKET

OBITH BBIOpaH N crioco0amu, CJIeI0BaTEIbHO, BHIOOP I' AJIEMEHTOB MOXKET OBITH OCY-
miecTBiieH N ciocobamu.

IIpumep. Cxkonpkumu ciocobamu u3 OykB a, O, B, T, . MOXXHO COCTaBUTh CJIO-
BO U3 3-X OyKB, €clii OYKBBI MOTYT MTOBTOPSITHCS?
Pewenue: KomnuecTBo cnocoOOB - 3TO YKCIO pa3MEIIEHUN C MOBTOPEHUSIMU

13 5 10 3, ¥ OHO PaBHO An =53=125.

2. Yucno (N, r) pa3menieHuid 6€3 MOBTOPSHUN OINPEIEIISIeTCs CIASAYIOIIUM 00-

pazom:
r _nl

" (-

JeitctButensHo, Kaxaoe (N, I) - pa3MenieHnue 0¢3 MOBTOPEHUH — YIOPSAI0UYCH-
Hasl MOCJIEIOBATEIbHOCTh JIMHBI I. [IepBBIi AJIEMEHT 3TOM MOCIEI0BATEILHOCTH
MO3KeT OBITh BEIOpaH N crocodamu, BTopoii - (N-1) cmocobom, TpeTwii - (N-2) croco-
6amu u.T.a. CienoBarenbHO, YUCIO CIIOCOO0B BHIOOpA I AJIEMEHTOB OMPEISTUTCS B

n!
pune. A =n-(n-1)-(n-2)-...-(n-r+1)= ——.
(n-n)!
IIpumep. Cxonbkumu criocodamu u3 nsatu uudp 1, 2, 3, 4, 5 MOXKHO COCTaBUTH
TPEX3HAYHOE YHUCIIO, YTOOBI HU(DPHI HE MOBTOPSIIUCH ?

5!
Pewenue. Yncno cnoco60B paBHO Ag = W =20.

3. Uucno nepecTaHOBOK U3 N 3JIEMEHTOB ONPEAEIAETCS CIETYIOMM 00pa3oM:
Pr=n!

JleiicTBurensHo, Py=A] = n-(n-1)-(n-2)-...-1=n!
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IIpumep. CxonbKUMH cIOCOOAMHU MOKHO PACCTaBUTh HA MOJIKE 4 KHUTH?
Pewenue. KonuuectBo criocoboB paBHo 41=24.

4. Yucno (n, r) - couetanuii 6¢3 HOBTOPEHUI ONPEACIACTCS CICTYIONUM 00pa-
30M:
"
cr = A, n
"o |
rt o ri(n-r)!
Hannast Gopmyia ciemyer u3 Toro, 4ro Kaxaomy (N, r) - coueranuio 6e3 mo-
BTOPEHUI COOTBETCTBYET I'! pazMelieHnii 6e3 MoBTOPEHHIA.

IIpumepsl.

1. CKoJbKUMHU CcTIOCO0aMU U3 TPYIIIBI CTYACHTOB, cocTosel u3 20 4enoBek,
MOXHO BBIOpATh 3 JieeraToB Ha KOHPEPEHITHI0?

Pewenue. B nanHoM ciydae mocienoBaTeIbHOCTh BBIOOpa POJIM HE HUTPAET,
MO3TOMY MCKOMOE YHCJIO CIIOCOOOB pPaBHO KOJIMYECTBY COUeTaHMl 0€3 MOBTOPEHUM

|
u3 20 o 3: C}, =20 1140
31(17)!

2. B ckonpkux ciydasix mpH yrajblBaHUU 5 HOMEPOB U3 36 OyIyT MPaBUIBLHO
BBIOpaHbI: &) TpU HOMeEpa; 0) YeThipe HOMEPA; B) MATh HOMEPOB; I') HE MEHEE Tpex
HOMEPOB; 1) XOTs ObI OJIUH HOMED.

Pewenue:

d) TpU MPAaBHIBHBIX HOMEpPA M3 MSATH MOTYT OBITh BBIOPAHBI Cg crocobamu,
OCTaBIIIKECS JIBa HEMPABUIBHBIX HOMepa u3 31 MoryT ObITh BeIOpansl C %1 crocoba-

mu. [1o mpaBuily Npou3BeICHUS PE3yIbTaT PaBEH Cg -C§1: 4650 .

6) ananornuno Ca - C3;= 155.
B) BCE IATH NMPABUIIbHBIX HOMEPOB MOTYT OBITh BBIOpaHbl 1 ciocoOoM.
I') 110 IPaBHIIy CyMMBI pe3yJbTaT OyIeT paBeH Cg : C%l + Cg’ . C%1+1:4806.

1) KOJIMYECTBO CIOCOOOB, MPU KOTOPOM OyJeT BBIOpaH XOTs Obl OJMH Mpa-
BUJIbHBIM HOMEpP, MOXKHO OIPEAENNTh, €CIM U3 OOIIEro 4mciia cnocoOoB BbIOOpa 5
HOMEPOB U3 36 BBIUECTh YUCIO CIOCOOOB, MPU KOTOPOM HE OyJeT BbIOpaH HU OJIMH

NpaBHJIbHBINA HOMED: Cge - Cgl.

Jlnst couetanuii 6€3 MOBTOPEHUMN BBITIOJIHAETCS CIEAYIOIIEEe CBOMCTBO:
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cl=cn.

_ n! n!
Jleiicteurensho, C) ' = — ol
(n=-0tn-n+nr) (n-r)kr!

5. Hucmo (N, r) - coueTaHuii ¢ MOBTOPCHUSAMH OIPEIEISICTCS CIASAYIOIIUM 00-
pazom:

' ~r
Cn=Chira-

Ipumep. CxoIbKO KOCTEH JOMHUHO MOXKHO cocTaBuTh U3 nudp 0,1,2,3,4,5,6?

o =2
Pewenue: PesynbTar paBeH 4HCIly COYETaHUN ¢ TOBTOpeHHUsIMHU 13 7 110 2: C7

2 8l

= C7421= 216l =28

2.3. YpHOBBIE cXeMbl

B Teopun BeposiTHOCTEM paccMaTpUBAaOTCS KOMOMHATOPHBIE CXEMBI, CBS3aH-
HbIe ¢ BhIOOpOM K m1apoB u3 ypHBI ¢ N mapamu. [Ipu 5TOM BO3MOXKHBI CIICITYFOIIHE
BapUAHTHI:

1. HeymopsimoueHHbIH BBIOOP C BO3BpallleHHEeM K IIapoB U3 YpHEI ¢ N pa3ind-
HbIMH mapamu. Yucno crnoco0oB BbIOOpa B JTaHHOM CIIydae PaBHO YUCIY HEYNOps-
TOYCHHBIX K-BBIOOPOK ¢ TOBTOPEHUEM:

— ~k _ =k
N = Chik-1=Cn-

2. HeynopsimoueHHbIH BBIOOp Oe3 Bo3BpaiieHus K m1apoB u3 ypHBI ¢ N pas-

JMYHBIMU IIapamu. Yrucao crmocoboB BEIOOpa paBHO KOJIMYECTBY HEYIMOPSI0YCHHBIX
K-BBIOOPOK O€3 MOBTOPCHHUS:

N = ck.

3. Ynopsgo4eHHbIN BEIOOp ¢ BO3BpalleHUEM K IIapoB M3 ypHBI ¢ N pa3InyHbI-
MU 1rapam. Yuciao cnocoOOB BbIOOpa PaBHO KOJMYECTBY YIMOPSIOYCHHBIX K-
BBIOOPOK C MTOBTOPEHUEM:

4. YhopsaodeHHbIH BEIOOp 0e3 Bo3BpalieHus K I1apoB M3 ypHBI ¢ N pa3iny-
HBIMH mapamu. YHCII0 COCOOOB BBIOOPA OMPENENIeTCs KaK KOJUYECTBO YIOPSIO-
YeHHBIX K-BBIOOPOK O3 TTOBTOPEHHMS:

N=Af.
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IIpumep.

B ypHe copepxatcsi 5 KpacHbIX, 3 cMHUX U 6 3elieHbIX 11apoB. 3 Hee 6e3 BO3-
BpalleHUs] BLIOUPAIOT 5 MIapoB, MPUYEM MOPSAIOK BbIOOpa HE cyliecTBeHEeH. CKOb-
KHMH CITIOCOOaMHU MOYKHO BBIOpATh:

1) 3 xpacHBIX U 2 CHHHUX IlIapa;

2) Bce 3eJIeHbIe IIaphI,

3) HU OJIHOTO KPACHOTO I1apa;

4) He MEHee 2 CUHUX ILapOoB,;

Pewenue:

1)  Cs5C3=15;
2)  C3=6;

3)  C3=126;

4)  C5-Ci+Ch =530.

2.4. bunom HoioTona

Yucna Cp, Ha3bIBAIOTCS OUHOMUALHLIMU KOd(Duyuenmamu. BUHOMUATbHbIE

KO3 PUIMEeHTHl 00J1aJal0T CAEAYIOIUM BaXKHbIM CBOMCTBOM, KOTOPBIA MOXET HC-
MOJIB30BATHCSA IS UX OMPEICTICHHUS

r _ Ar r-1
Cha=CntCn

JIns noxas3aTenbCTBa CHPABEIIMBOCTY JAHHOTO COOTHOLIEHUS PACIIHILEM €TO,
UCTIONB3YS POPMYJIbI COUeTaHUM O€3 MOBTOPEHUI:

;-1 nl n! B n!
CntCp = r(n—r)! " r=D'n—r+1)! r-(r=2)!(n-r)! ’
N n! _ nt(n—r+1)+n!r :n!(n+1—r+r):
r-D'n-nin-r+) r-r-D(n+1-r)-(n—r)! nin+1-r)!
(n+n!

TRl oM

PaccMoTpeHHOE peKyppeHTHOE COOTHOLIEHHME MO3BOJISET MOCTPOUTH TAOIHILY
JUISL TIOCJIEIOBATEIBHOTO ONpEeeIeHUs] OMHOMHANbHBIX KOA()PHUIIMEHTOB, KOTOpas
Ha3bIBACTCS mpey2oavHukom Ilackans:
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=
g

0| 1

1| 1 1

| 1 2 1

3 1 3 3 1

4] 1 4 6 4 1

5| 1 5 10 10 5 1

Puc.2.1. Tpeyronpuuk Ilackans

bunomuansHbie KO3PGUIIMEHTHI COCTABIAIOT B TpeyrojbHuke [lackans cTpoky
¢ HoMepoM N. B cTpoke ¢ HOMEpPOM N MOCIEAOBATENbHO CJIEBA HANPABO 3aIUCAHBI

qucia Cﬁ,cﬁ,...,cﬂ..., npudeM KpalHUE 3HAYEeHHUS HW3BECTHBI I JI000ro N:

Cﬂ = Cp =1. Kaxzplii OMHOMHAIBHBIA KOI()PUIHMEHT TOIYYaeTCsi MyTeM CIIOKEHHS
JIBYX KO(PPUIIMEHTOB, CTOAIIUX HAJl HUM (CJIEBa U CIIPaBa).

Jlns BceX ACWCTBUTEIBHBIX YMCENT d M D M 111 BCeX HATypajbHBIX YHCET N
cIpaBeIuBa clieayronias popmyna :

+bn_ 0 r n-r . r_~0 n 0 1 n-1 .1 n 0 ..n
(a+b)"= >cCp-a" b'=Cp-a"*b +Cp-a' ‘b +..+Cp-a ‘b
r=0

OT0 BhIpayKEHNE HOCUT Ha3BaHue ouHom Heromona .
Ecnu 3amennts b Ha —b, TO monyunTcs cnenyroiiee BIpakeHUE:

n
(a-b)"= Zo(—l)r-d1 ‘a’ b
r=

IIpumep.
(a+b)? = C3-a% b+ Ch-a' b +C5-a" - b? =a>+2ab+b.
(a-b)’=C3-a® b°—Cy-a® bt +C5-at b - C3-a° b= a>-3a%b+3ab?-b®.

OcHOBHBbIE OMHOMUAIBHBIE TOXKIECTBA!

lLch=Cn ' -

2, C:Hl = Crr1 + Cffl-

3.0+l +...+Ch=2" (monyuaercs, ecnu B popmyne 6uHOMa Hpl0TOHA MO-

J0XKUTh @ = b = 1). DTO CBOWCTBO MO3BOJSAET ONPEACIUTH OOIEe YUCIO MOJAMHO-
J)KECTB N-DJIEMEHTHOI'O MHOKECTBA.

27



4. -t +ci-..+(-D)"C'=0 (momyuaercss, ecnu B opmysne GuHOMA
Herorona monoxuts a = 1, b = -1).
HonunomuaasHas popmyina

[MonmuHOMMaNEHAS QOPMYIIa UCTIOIB3YETCS ISl BEBIYUCIICHHS BRIPAKCHHI BUIA
(a1 + a2 +...+ &)" u 3anucCHIBacTCS CISAYIOIUM 00pa3oMm:
n!
n— n n
(a1 t+tax+...ta)' = > ﬁall"'akk'
Ng,ne=0 Npte s
Ni+.4NK=n
3/1ech CyMMHPOBAHHE OCYLIECTBIISICTCS IO BCEM PELICHHUSIM YpaBHEHHS
Ni+...+NK=N B IETBIX HEOTPHUIATENBHBIX unciax. [Ipu K=2 naHHOE BhIpakeHHE TIpe-
Bpaiaercs B opmynny 6unoma HeroToHa:
0 nl n-r

(atay) "= >

n
r r n—-r r
———-a ra.=2Cnh'a; -a,-
S r(n—ry ‘1 G2 Svn e 92

2.5. Paszouenust

[TycTh MMeeTCsI MHOKECTBO A C YHCIIOM 3JIEMEHTOB, paBHBIM N. Ompeneanm
YHCIIO pa30MEHUI TaHHOTO MHOXECTBa Ha K moaMHOXKeCTB A1, Aa,... Ak (K>1), Takux,
YTO IIEPBOE TOJIMHOKECTBO COACPKHUT N1, BTopoe Ny, K-e — Nk 3;meMeHToB.

K k _
Yni=n; |Al=n; UAi=A; AnA=0 Vi#j, ij=1k.
i=1 i=1

Uucno yka3zaHHbIX pa3OuMeHud npu (PUKCHpPOBAHHBIX N 0003HAYUM Yepe3

ng...n
C. K. DT pa3OueHnsT MOKHO TOJYYUTh CIICAYIOIIUM 00pa3oM: BO3bMEM
MPOU3BOJIBLHOE N1 3JIEMEHTHOE TTOAMHOXKECTBO A1 MHOKECTBAa A. DTO MOXKHO C/elaTh
Cht ciocobamu. Cpean N-N; OCTABIIMXCS DJIEMEHTOB BO3BMEM N2 - DJIEMEHTHOE IO/ -

MHOKECTBO A (3TO MOKHO cienath CN2  cmocobamu) u T.1. OOIIee YUCI0 CIIOCO-
n-nq

00B BBIOOpA PA3TUYHBIX MOJMHOXKECTB At,...,Ak IO MPABUILY IPOU3BEACHUS PABHO:

n..Ng _ ~N1 . N2 . .k _
Ch =C, Cn—n1 Cn—nl—---—nk_l_

n,! . (n—ny)! o (n—-n; —...—ny)! __n
nd(n—n)! nyt(n—ny —ny)! nt(n—ny—...—n 4 —n)! nitng!
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Takum oOpa3zom monydeHa Qopmyna ompeneieHus dYuciaa pasOueHuic N-

AJIEMEHTHOIO MHOXKECTBAa HA K Nj-dJIEMEHTHBIX ITOJIMHOXKECTB. Ywucia Cﬂl“'nk=

n!
HA3BIBAIOTCS NOAUHOMUATLHBIMU KOIDDuyuenmamu.
nqit.n!
IIpumep. CkoIBbKUMU CITIOCOOAMU MOYKHO TpyIimy U3 20 4eIoBEeK pa3ie/iuTh Ha
4 moarpymmsl, cocTosmme u3 6, 6, 5, 3 yenopek?

20!
. 6653 - “°
Pewenue. C2o' " TH161513]

[NonmHOMHUaNBEHBIE KOO(PPHUIUEHTH UMEIOT €lle OJHY BaKHYIO KOMOHHATOp-
9] nq...n
Hyto uHTepnperanuio. [lomuHomuanbueiii koadoumuent C, 1" paBen umciy nepe-

CTAaHOBOK, KOTOPBIC MOXXHO COCTAaBUTh U3 N DJIEMEHTOB, CPECAN KOTOPBIX MMCHOTCS Ny
3JICMEHT II€PBOTO THIIA, N2 BTOPOIro TUIIA, Nk K-ro tuma:

n!
— nN1..NK —
P(nl,...,nk)— Cnl K= ' .
n,l.n,!
Ota dhopMyna cieayeT u3 Toro, YTo0 MHOKECTBO BceX N! mepecTaHOBOK pacma-
naercs Ha Nyl Nyl -...-ng! oAMHAKOBBIX MEPECTaHOBOK.

IIpumep. CkoabKuMHU crioco0aMu MOKHO IEpecTaBUTh OYKBBI CioBa ''MaTte-
matuka'"?

Pewenue: VIckoMoe KOJIMYECTBO CIIOCOOOB PAaBHO YMCIy NIEPECTAHOBOK MHO-
xecTBa U3 10 31eMEHTOB, Cpelli KOTOPhIX UMEIOTCS 2 3JIEMEHTa NMEPBOro TUMa (JIBe
OykBbl "M"), 3 anemeHTa nepBoro tuna (Tpu OykBbl "a'), 2 3eMeHTa TPEThEro TUIIa
(nBe OykBBI "T"), M IO OAHOMY AJIEMEHTY OCTaJbHBIX TpeX TUMOB. OHO onpenensercs

CIEAYIOIIMM 00pa3oMm:
0!

KomOunaropuka pa3oneHnuii

PaccmoTpuMm paznuuHble BapuaHThl KOMOMHATOPHBIX 33Jad Ha OMpEJesIeHue
9ucia pa3OueHuH.

1. Yucno crnoco0oB pacnpesiesieH s N pa3InyHbIX 3JIEMEHTOB 10 K pa3InyHbIM
sYeKaM, TaKoe, YTO B TIEPBYIO sUEHKY TOMAZET Ni 3JEMEHT, B K-10 — Nk 3JIeMeHTOB.
[Topsimok siueek HE CYILIECTBEHEH.

n!
— NNk —

N=C, =
n 1!...n K !
2.Ta xe 3aa4a Npu yCIOBHH, YTO MOPSIOK SIUEEK HE CYLIECTBEHEH.
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n!
Kin;In,t.n,!

(Tak Kak STYCHKU MOXKHO TepecTaBiiaTh K! criocodamm).
3. Yncrno crioco0oB pactpeesieHrs N pa3IudHbIX 3JICMEHTOB 10 K pa3myHbIM
sTYeKaM TPU YCIIOBHUH, YTO MTYCTHIC TUCHKH JTOTYCKAIOTCS.

N=k"

(Tak KaK KaKIbId DJIEMEHT MOXKHO pacrpeaeiuTh K-crocodamu, MOJOXKHB B
OJIHY U3 SYEEK).

4. Yuciio criocoO0B pactpeecHus N pa3InIHBIX 3JIEMEHTOB 10 K pa3IndHbIM
sauerikaM. [lycTbie suelKu He SOy CKarOTC .

N= Aﬁ -k,

[Ipy 3TOM CHavasia B KaXAYKO SMEMKY NMOMEMIAEM II0 OJHOMY JJIEMEHTY Aﬁ

criocobamu, 3aTeM ocrtaBiuecs N-K 3eMeHToB pacnpezeseM Mo K sueiikaM mpowus-
BOJIBHBIM 00Pa3oM.

5. Uucnmo cnoco0oB pachpeecHuss N OJMHAKOBBIX 3JIeMeHTOB 1o K pasnmmy-
HbIM stuerikaM. [lycTbie sTUEHKU JOIyCKatoTCSl.

— AN _ k-
N= Cn+k—1_ Cn+k—1 .

Jl1st mokasarenbCcTBa JaHHOU (POPMYIIbl pa3iesIiM MHOKECTBO U3 N 3JIEMEHTOB
Ha K gacrteit myrém BBeaeHus (K-1) pasmenurens. [lepemeriast pa3aeauTend, IoJTy-
YUM UCKOMOE 4HCio pazouenuit. CrieqoBaTelbHO, HCKOMOE YUCIIO paOMeHUi paBHO
KOJINYECTBY MEPECTAHOBOK, KOTOPBIE MOKHO COCTABUTh M3 N 3JIEMEHTOB OJIHOTO THUIIA
u (K-1) ameMeHTOB Ipyroro Tuma

M+k-1!

(kD)= o = Chdr

6.Yucio crocoOoB pacipeesieHns N OJMHAKOBBIX 3JIEMEHTOB 10 K pa3mmyHbiM
auerikaM. [IycTeie sUeliKu He AOIyCKarTCs.
— k-1
N= Cn—l
(cHayana momeniaeM B KaXAyl SYelKy mo 1 3JIeMEeHTy, 3aTeM HCIOJIb3yeM

NpUBENEHHYIO BbIlIe (popmymy): N= Cﬁﬁ(—l—k = Cﬁj.

IMpumep. 15 dyenoBek BONILIM B IU(PT HA IEPBOM dTaXKE JICBATUITAKHOIO JIOMaA.
OnpenenuTs:
1) ob1ee 9rciio CrocoOOB pacupeesICHHs JIFOACH 10 dTaKaMm;
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2) ymncio cnocoOoB pacnpeaeseHus, Ipyu KOTOPOM Ha KaXKIOM 3Ta)Ke BbIIET
XOTs1 OBl OJIUH YEJIOBEK;

3) 4ncio cnocoOoB pacnpeeneHus, IPU KOTOPOM Ha TPETheM dTake BBIMIYT 5
YeJIOBEK, Ha MATOM — 4, a Ha ceZIbMOM — 6.

[Ipennonaraercs, 4To MacCa>KUpPbl MOTYT BBIXOJUTH HA BOCHBMHU ATa)KaX.

Pewenue.
1) N=8'° (pacnpenencnue 15 pasnMYHBIX DIEMEHTOB IO 8§ PAa3IMYHBIM SYEH-

KaM, IIPY KOTOPOM IYyCThIE STYEHKU HE JOMYCKAIOTCS);
2) N=Af5°87 (pacnpenenenue 15 pa3auyHBIX 3JIEMEHTOB MO 8 pPa3IUYHBIM

}I‘{CﬁKaM, IIPpHU KOTOPOM ITIYCTEIC STUCUKU I[OI'IYCKa}OTCSI);
3) N=C155’ 6,4 .

IIpumep. CkoabkuMH cioco0aMu MOKHO pacrtpeneanTh 10 oJuHaKOBBIX NU-
POKHBIX MEX]Y 3 JHOJbMHU TaK, YTOOBI.

1) KaKJbIil MOT OJTYYUTh JIFO00€ KOJIUYECTBO;

2) KaxJIblil TOHKEH MOJIYYUTh XOTSI ObI OJTHO MTUPOKHOE.

Pewenue.

1) Crika=Ci.
2) Cf3=Ca.

2.6. ®opMyJia BKJIKYECHUH U HCKIKYCHUI

[Iyctb A1 1 Az — 1Ba KOHEYHBIX MHOXeCTBa. Torma ecim AinAz =g, TO
|A1UA2|:|A1|+|A2|.

Ecmu A1nA2#3, 10 | A1 U Az |=| A1 |+ | Az | - | A1 n Az |. Takum 06pazom, MbI
BBIPA3WIN KOJIMYECTBO DJIEMEHTOB B OOBEIMHEHUHU JBYX MHOXKECTB 4epe3 KoJinye-

CTBO 3JIEMEHTOB B UX MEPECEUCHUU.
JInst IpOM3BOJIBHOTO YHMCiIa N>2 KOHEUHBIX MHOXECTB Aj ... A, 3Ta Popmyna
IIPUMET CJICTYIOIINAN BU: :
| AL U...U A | :(|A1|+...+ |An|) - (|A1 N A2|+|A2 N A3|+...+|An-1 N An|) +
(JA1nA20 A3+, . A 2N AR INAY) - ...+ (-l)n+1|Alﬁ...ﬁAn|.

Ota (popmyiia Ha3bIBACTCS POPMYN0LL BKAIOUEHUL U UCKTIOYEHULI.

Ipumep. [Iycts A; ={a, b, c}, A, ={b, e, 1, g}, As={a, b, m, p}.
Torma | A1 U Az U As| = 3+4+4-1-2-1+1=8.

Cneocmeue uz opmynvl. 1lycTh A — KOHEUHOE MHOXKECTBO, Aj... An — €ro

MOoAMHOKecTBa. Torna
AV Ay w..ou Ap) = AL - (JAlF..H A ) — (AT Ag)) +oF (JApr M Ag]) - L F
+ (1AM .NAY.
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|leficTBUTENBHO,

(AVAT U UA)) U (AU .U Ay =A;
(A A1 U UA) N (A1 u.. .U A)=@.

[Mostomy |A\( A1 U...U Ap)|[H| A1 U...U Aq| = |A|, oTKyna u ciexyer JaHHas
dbopmyia.

dopmyna BKIIOYCHUH M HCKIIOUEHUN HMEET eIle OJHY HHTEPIPETaIHIO.
[Tycth A — KoHEUHOE MHOXKECTBO M3 N 3JIEMEHTOB, Q1 ...0L n — HEKOTOPHIE CBOMCTBA,
KOTOPBIMHU MOTYT 00J1a/IaTh WJIM HE 00JaaTh 3JIEMEHTHI MHOXKECTBA A.

BBenem 0603HaueHuUs:

N(o i) — 9rcIo BIIeMEHTOB MHOXKeCTBa A, 00J1aIAI0IIMX CBOHCTBAMH O j;

N(oi, 0L j) — 9KCITIO AIEMEHTOB, 00JIATAFOIINX CBOMCTBAMU Ol H O j;

o’j - DJIEMEHT, HEe 00J1aJ1aI0INil CBOMCTBOM O j;

N(a’1...0n)=No - YHCII0 IeMEHTOB, HEe 00J1aIAI0IIMX HA OJTHUM CBOHCTBOM.

Torma N(o’i...o’n) = N - N(ap) -...- N(on) + N(ogo2) +...+ N(otn1,00n)-
- N(oug,02,03) -...- N(Otn-2,0tn-1,0tn) +... +(-1)" N(ot 0tz,. . .,0tn).

IHpumep. Ha kypce yuarcsa 67 cTyaeHTOB. 27 U3 HAX 3HAIOT SA3BIK POrPAMMHU-
poBanus Java, 15 cryaenros 3HaroT C#, 10 cTtynenToB 3Hatot Python, 7 - Java u CH#,
5 —Java u Python, 3 - C# u Python, 2 — Bce Tpu si3pika. Heo0X01uMO onpeiesuTh:

1) CKOJBKO CTYIEHTOB HE 3HAIOT HU OJHOTO W3 MEPEUMCICHHBIX S3BIKOB MPO-
rpammupoBanus (No);

2) CKOJIBKO CTYJICHTOB 3HAIOT TOJBKO OJIMH SI3BIK MPOTPAMMHUPOBAHUS:

- Toabpko Java (Ni);
- toibko C# (N2);
- Toasko Python (Ns);
3) CKOJIbKO YEJIOBEK 3HAIOT TOJIBKO JIBA SI3bIKA!
- Java u C# (N1);
- Java u Python (N13);
- C# u Python (Na3);

Pewenue.

1) No=67-27-15-10+5+7+3-2=28.

2) N1=27-5-7+2=17.

N,=15-7-3+2=7.
N3=10-5-3+2=4.
3) N1p=7-2=5.
N13:5-2:3.
N23:3-2:1.

OueBHUHO BHINOJHEHUE PABEHCTRA!
No+N1+N2o+N3+N12+N13+Nos+Ni23=N,

rae N — o61iee 4ncio CTyA€HTOB Ha Kypce.
CremaeM npoBeEpKY:
28+17+7+445+3+1+2=67
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YnpaxxkueHus

1. Hudpsr 1,2,3,4,5,6,7,8,9 3anuceiBatoTCss B ciiydaiiHoM mopsiake. Omnpene-
JUTh

- 0011I€€ KOJIMYECTBO BCEX YMCET, KOTOPBIE MOKHO M3 HUX COCTaBHUTH;

- KOJIMYECTBO YHCEJ, B KOTOPBIX IU(MPHI 3aMUCHIBAIOTCS B MOPSIIKE BO3pacCTa-
HUS;

- KOJIMYECTBO YMCEJ, KOTOPhIC HAYMHAIOTCS ¢ UGB! 5, a 1udpsl 1 u 2 cre-
IYIOT APYT 3a IPyTOM B MOPSJIKE BO3PACTAHUS;

- KOJIMYECTBO YHCEJI, B KOTOPHIX HAa YETHBIX MECTaX B UYHUCJIE CTOAT YETHHIC
102 58

2. 3 tenedoHHON KHUTU CIAydaHBIM 00pa3oM BBIOHMpaeTcs HOMEp, COCTOsI-
muit u3 6 nudp. Cuuras koMOMHaMK HUGP B Tele(OHHOM HOMEpPE PaBHOBEPOST-
HbIMM, HAWTU:

- 00111€€ YHCII0 BO3MOKHBIX CITIOCOO0B BHIOOpA HOMEDA;

- YUCJI0 CITOcO00B BhIOOpA HOMEpa, HAUMHAIOIIETOCs ¢ IUGPHI S;

- YUCJI0 cr1oco00B BhIOOpA HOMEpa, HE cojiepskatero mudp 3 u 6;

- YUCJIO CIOCOOOB BRIOOpA HOMEpPA, B KOTOPOM TPH MoclieHUE U(pbl 01UHA-
KOBBI.

3. 1310 6ykB a, 0, B, T, 1, €, X, 3, U, K COCTaBJISAETCS 5-OYKBEHHOE CIIOBO, B KO-
TOPOM OYKBBI HE TOBTOPSIFOTCS. ONIPEIeIUTh:

- o01Iee YHnCiI0 CIIocoO0B COCTABIICHUS CJIOB;

- YUCJIO CIIOCOOO0B, MPU KOTOPOM BCE IJIaCHBIE OYKBBI BXOJST B CIOBO;

- YHUCJIO CITOCOOOB, MPU KOTOPOM CJIOBO COJIEPKUT 2 TJIACHBIX U 3 COTVIACHBIX;

(Y1)

- YHACJIO CIIOCOOOB, MPU KOTOPOM CIIOBO HAUMHAETCS C OYKBBI “U”° M UMEET CJIOT

13 2

Ba”;

- YUCJIO CMOCOOO0B, IPU KOTOPOM , OYKBBI “T” M “I” BXOAST B COCTaB CJIOBa H
HE PACIIOJIAratoTCs PSIIOM;

- YHCJIO CIIOCOOOB, MPU KOTOPOM CIIOBO HAUMHAETCS C TJIACHOM OYKBBI M 3aKaH-
YHUBACTCS COIJIACHOM;

- YUCJIO CIOCOOOB, MPHU KOTOPOM CJIOBO COAEPKHUT XOTsI Obl OJIHY TJIACHYIO
OyKBY.

4. CKOJIbKO MOKHO COCTaBUTH 4-3Ha4HBIX yucen u3 uudp 1 u 2?

5. PaccmatpuBaercs uncno 1352142131.

- CKOJIbKUMH CIIOCO0aMHU MOYKHO TIEPECTaBUTh ITU(GPBI B 3TOM YHCIIe?

- CKOJIBKUMHM CIOCOOaMH MOKHO TEpeCTaBUTh UMPPHI B 3TOM YHCIE, YTOOBI
udpsI “3” pacnonaraauch psaom?

- CKOJBKUMH CIOCOOAMH MOKHO TIE€PECTaBUTh MUQPPHI B YHCIIE, YTOOBI OHO
HAaYMHAJIOCh U 3aKaHUYUBAIOCh MUGpoit “17°?

6. Ckonpkumu crioco0amMu MOXHO pa3aenuTh 30 pa3HBIX OTKPBITOK MEXIY 3
JIIOJIbMH TaK, YTOOBI:

- KQXKJIBIH MOT TIOJIY9HTh JIF000€ KOJTMYECTBO;
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- KX JOJKEH MOIYYUTh XOTS OBl 10 OAHOM;

- ojuH noay4dut 10 oTKpBITOK, Apyroi 15, Tpetwii 5.

7. CKoJIbKMMHU croco0aMU MOXKHO TMEpEecTaBUTh OYKBBHI CliOBa “000pPOHOCIO-
COOHOCTB”’, UYTOOBI:

- CJIOBO HAYMHAJIOCHh C OYKBBI “T” U UMEJIO CJIOTH “po” U “HO”;

- B CJIOBE OYKBHI “H” pacroyararoTcs psjaoMm;

- OyKBBI “0” B CJIOBE HE PACIOJIaratoTCs PSAIOM.

8. B uncTuTyTCKY10 OMOIMOTEKY MPUIIUIM HECKOJIBKO CTYJIEHTOB, KaXKIbIM U3
KOTOPBIX B3s1 XOTsS ObI 10 OfHOM KHUre. 10 M3 HUX B3SUIM KHUTH 1O Kypcy ““Jluc-
KpeTHasg MateMaruka’, 8 — 1o Kypcy “Beicmias matematuka”, 9 — o kypey “®@usn-
Ka”. 5 4enoBeK B3sUIM KHUTH 1O KypcaM “J[uckpeTHas mareMatuka” u “Briciias ma-
TeMatuka”’, 3 — no Kypcam “JluckperHas mateMaruka’ U “@usuka’, 7 — mo Kypcam
“Bpiciiasg Mmarematuka’ U “@u3uka”. 2 4ellOBEKa B3sUIM KHUTH MO BCEM TPEM JIUCIHU-
mmHaM. OnpenenuTh:

- CKOJIBKO CTY/ICHTOB ObLIO B OMOJIMOTEKE;

- CKOJIBKO YEJIOBEK B3sJIM KHUTH TOJIBKO MO Kypcy “JIuckpeTHas MaTeMaTHKa .

9. Crynenueckas rpynmna u3 20 4eloBeK cllaBajia CECCUIO U3 3-X SK3aMEHOB U
KaXABIM CTYJEHT caai ceccuto. 10 yenmoBek nmomyuunu “5” , 8 —“4”, 9-“3”. 4 yenose-
Ka moaydnsd “5” u “4”, 5 —“4”u “3”,2 -“5” u ’3”. Onpenenurs:

- CKOJIBKO YEJIOBEK MOJYYHIIA BCE 3 OLICHKHU.

- CKOJIbKO OTJIMYHUKOB B TPYIIIIE.

- CKOJIBKO YEJOBEK CIAJIA CECCHUIO TOJIBKO Ha “3”.

10. B mogme3nie 1oMa yCTaHOBIICH 3aMOK ¢ KOJIOM. /[Bepb aBTOMaTHYECKH OT-
KpBIBA€TCSl, €CJIM B OMPEJICICHHON MOCIe0BaTeIbHOCTH HaOpaTh 4 nudpsl U3 UMe-
omxcs necsatu. OnpeaenuTb:

- CKOJIBKO Pa3JIMYHbIX KOMOWHAIIMI MOKHO COCTaBUTh?

- CKOJIbKO MOHO COCTaBUTh KOMOWHAIIMW, B KOTOPBIX TMEpBas U IMOCIEIHSS
1upel ObUTH OBl OJMHAKOBHI?

- CKOJIbKO MOYXHO COCTaBUTh KOMOWHAIIMI, MPU YCIOBUU YTO MOITYYEHHOE
YHUCJIO SIBJISICTCS HEUETHBIM M HAUMHAETCS ¢ UPPBI <377

11. Ha xadenpe padotator 3 mpodeccopa u 10 HOIEHTOB U 2 aCCUCTEHTA.
CKOJIbKUMU CIIOCO0aMH MOKHO COCTaBUTh KOMHUCCHIO U3 5 YEIIOBEK JJIs MPOBEICHUS
rOC3K3aMeHa MPHU yCIOBUSX:

- B KOMHUCCHIO JIOJDKHBI OBITh BKJIFOUEHBI Bee Mpodeccopa.

- B KOMHUCCHIO JIOJDKHBI OBITh BKJIFOUEH XOTsI Obl OIMH TIpodeccop.

- B KOMHUCCHIO HE JIOJDKHBI BKJIIOUATHCSI ACCUCTEHTHI.

12. B roctuHuIle UMEIOTCS 5 CBOOOAHBIX HOMEPOB: OJWH JIBYXMECTHBIN, OJMH
TPEXMECTHBIN, OJUH YETHIPEXMECTHBIN U JBA OJJHOMECTHBIX. CKOJBKMMHU CIIOCOOaMHU
MO>KHO paccesuThb 11 yeraoBek mo Homepam?
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3. OCHOBBI TEOPUU T'PADOB
3.1. OprieHTHPOBAHHBbIC U HCOPHMEHTHPOBAHHBbIE IPa(bl

I'pagpom G=(X,U) OymeM Ha3bIBaThb COBOKYIHOCTh ABYX KOHCYHBIX MHO-
)KecTB: MHOXecTBa gepuiun X ={Xp,.,Xn} ¥ MHOXecTBa pebep (0ye)

U ={uy,...,Umn}, cocrosiiero u3 HEKOTOPBIX map IEMEHTOB (Xj,Xj) MHOKecTBa X.

['eomeTrpuuecku rpad MOXeT OBITH MPEACTaBICH B BUAE PUCYHKA, B KOTOPOM Bep-
IIMHAM COOTBETCTBYIOT TOUKH, a peOpam — COEANHSIOIINE UX JIMHUU.
Ecnu maper BepmuH (Xj, X j) B MHOXecCTBEe U SBISAIOTCA HEYNOPSTOYEHHBIMH

(T.e., TOPSIIOK COCMMHEHHS BEPIIMH HECYIIECTBEHEH), TO Tpad HA3bIBACTCS HEOpu-
enmuposannelm (Heoprpapom), a napsl (Xj,Xj) - peopamu sroro rpada (puc. 3.1, a).

X3

X Us X5 X5
a 0 B

Puc. 3.1. IIpumepsl rpadoB

Ecin napsr BepumH (Xj,Xj) B MHOKecTBe U SIBISIIOTCS YHOPSAOYCHHBIMU
( T.e., MOPSIOK COCIMHEHUS BEPIIMH CYIIECTBEHEH), TO rpad Ha3bIBACTCS OpUeHmU-
posannvim (oprpadom), a mapsl (Xj, X j) - 0yeamu (puc. 3.1, 6). lyru oprpacda oynem
obo3Ha4aTh < Xj,Xj>. IIpu 9ToM X;j - HauanbHas Bepmmna ayru. IIpu H300pakeHUH
oprpada myru o003HauaT crpenkamMu. ['padpl, B KOTOPBIX UMEIOTCS U HEOPUEHTH-
poBaHHBIE pedpa, U Oyrd, HA3bIBAIOTCS cmewanuvimu (puc. 3.1, B). 3ameTum, 4TO
00011 HEOPUEHTHUPOBAHHBIN Tpad MOKET OBITH IPEJICTABIICH B BUE oprpada myTem

3aMEHBI KQXKJIOTO ero pedpa ABYMs MTPOTUBOIIOIOKHO HAMIPABICHHBIMHU TyTaMHU.
Ilapa BepmIMH Xj,Xj MOXCT COCAMHATBHCS ABYMs Win Oonee pebpamu (Iyra-

MH), KOTOPbIC HA3bIBAIOT Kpammblymu. KoamuecTBo oguHakoBbix pebep (Xj,Xj) (ayr
<Xj,Xj>) Ha3bIBACTCS KPAMHOCMbIO COOTBETICTBYIOLIETo pebpa (ayru). [lemiei

Ha3bIBaeTcs ayra (pedpo), ¢ COBNAAAIONIMMHU HAYaJIbHOM M KOHEYHOW BEpIIMHAMMU.
['pad ¢ meTnsimMu 1 KpaTHbIMU peOpaMu (yramMu) Ha3bIBa€TCS nCegoocpagpoM.

I'pad c kpatHbiMu peOpamu (Iyramu) U 0e3 IMeTelb HA3BIBACTCS M)IbMUcpagpom.

I'pad, He comepkammii meTeab W KpaTHBIX pedep, Ha3bIBaeTCsl npocmuiM TpadoM.
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Tak, rpad, npeacrapneHHsiii Ha puc. 3.1, a sBHsAETCS nceBaOrpadoM, TaK Kak CoJep-
KUT netmo (X1,X1) 1 KpaTtHoe pedpo (Xp,X3); rpad Ha puc. 3.1, O sBISETCS MYIb-
turpadowm, rpad Ha puc. 3.1, B - mpocTeiM rpadom.

JBe BepuMHbI rpada Xj U X j HA3BIBAKOTCS CMENCHBLMU, ECIU CYIIECTBYET CO-

equHsIoNEee ux pedpo (myra). JIBa pedpa (myru) CMEXHBI, €CIIH OHU UMEIOT OOIIYIO
BepmnHy. Ecin peOpo (ayra) Ug COCAMHSCT BEPUIMHBI Xj U Xj, TO TOBOPST, 4TO

pebpo (ayra) unyundenmuno BEpIIMHAM Xj U Xj, @ BSPIUIMHBL Xj U X j HHIMHICHTHBI

pebpy (ayre) Ui . Tak, Ha puc. 3.1 a) BepluuHa X5 MHIUHIEHTHA pedpaM Ug, Ug, Us,

pebpa Ujg U Ug SIBIISIOTCS CMEXKHBIMH; CMEKHBIMH SIBJIAIOTCSI BEPIINHBI X| U Xg.
Ilooepaghom tpada G=(X,U) HaspiBacTcs rpad G =(X',U'), JUTST KOTOPOTO

X c X, U cU. Ocmosnoim nooepagom tpadpa G=(X,U) HaspiBacTcs rpad
Go =(X,Uy), comepxanmii Bce Bepmmnsl rpada G. Tak, Ha puc. 3.2, a mpeacras-
neH rpad G, Ha puc. 3.2, 6 - o1uH U3 0OCTOBHBIX noarpados rpada G.

X X3 X9 X3

X4 Xa Xs X4 Xa Xs

a 0
Puc. 3.2. Ilpumep rpada u 0JHOTO U3 €ro OCTOBHBIX MoArpadoB

I'pad G =(X,U) HassBaercs dononnenuem npocroro rpapa G=(X,U), eciu

JIBE BEPIIMHBI CMEXHBI B G TOT/Ia M TOJIBKO TOTA, KOTrma oHM He cMexHbl B G. Ha
puc. 3.3a npexacrasieH rpad G, Ha puc. 3.3 6 - ero JOMOTHEHHE.

X3 X3
X2 X4 X >< /\>< <
X1 Xs X1 - \/ " Xs
Xs X6

a 0
Puc. 3.3. IIpumep rpada u ero J0MoTHESHUS
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Yacro rpad 3amgaror mapoit (X,I'). IIpu atom mns oprpada I'(Xi) - MHOKECTBO
BEpIIMH X j € X, JUlsl KOTOPBIX B rpae CyIecTByeT ayra <X;, X j>; (x;) - MHOXKE-

CTBO BEpIINH Xk X, /Ui KOTOPBIX B rpade cymecTByeT ayra <X, Xi>. s neoprpada
[(Xi)= I'"}(Xi) 1 03Ha49aeT KOJIUYECTBO BEPIIHMH, CMEXKHBIX C BEPLIMHOM Xi.
Yucno ayr, UCXOIAIIMX U3 BEPIIMHBI Xj OPUEHTUPOBAHHOTO Ipada, Ha3bIBACT-

Csl nolycmenenvblo ucxo0a BEpIIUHBI Xj ¥ o0o3HavaeTcs p (Xj). Yucmo myr, 3axons-
IIMX B BEPUIMHY Xj, HA3bIBACTCS NOLYCMENeHblo 3ax00a BEPIUIMHBL X; U 0003HAYaeT-

cs p+(Xi). Ecnu B BepuinHe X umeercs netis, kK p (Xj) u p+(Xi) npubasisercs 1.
Tak, nns oprpada, npencrasinenHoro Ha puc. 3.1, 6 p (Xq) =1; p* (X1)=2; p (X9)

=3; p*(X5)=2. Jlust mo6oro oprpacda ¢ M IyraMu BHIIONHSICTCS PABEHCTBO

>pxi)= Xp (xj)=m.

X;eX X;eX

B HeopuenTupoBaHHOM rpade uncio pedep, MHUMHACHTHBIX JaHHOUW BEpIIMHE
Xj, Ha3bIBACTCA cmeneHblo BEPIIMHBI Xj W oOo3Hauaercs p(Xj). Bepmmua rpada,

umeronias crenenb 0, Ha3bIBACTCS U30IUPOBAHHOL, a BEPILINHA , UMEIOLIas CTENEeHb |
- gucaueu. Ecim B BepmmHe X mMmeercs nerisi, K p(Xj) mpubasmsercs 2. Jns

Heorpada Ha puc. 3.1,.a p(X4)=4; p(Xq1)=5. dna moboro Heorpadga ¢ M pédpamu
CTPaBEJIUBO CIICAYIOIIEe PaBEHCTBO:

2.p(Xj)=2m.

x;eX
3.2. MaTpu4Hblii ciocod 3aganus rpagos
Mampuyeti cmeaxcnocmu HeopueHtrupoBanHoro rpada G=(X,U) ¢ n BeprmHa-
MU Ha3bIBACTCS KBaJpaTHas MaTpuila A mopsiaka N, SJIEMEHTbl KOTOPOIl ONpeIeIsoT-

Csl CIEYIOUIUM 00pa3oM:

{1, cciin BepH.II/IHBIXi )51 Xj CMCXKHBI,
aij =

0 BIIPOTHBHOM CiTyUae.
st opyueHTUpOBaHHOTO rpada:

{1, ecsu B rpade cymectsyerayra < Xj, X j>
a:: =
"o s MIPOTUBHOM CJTydae.
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B ncesnorpade  ajj =k, rae k - kpatHocts pebpa (Xj,Xj) (myru <Xj,Xj>).

Heobxoaumo 3aMeTuth, 4yTO eciau B rpade HET METeNb, AUArOHAIbHBIE SJIEMEHTHI
MaTPUIIbI CMEKHOCTH paBHBbI ().
PaccMoTpuM HEOpUEHTHUPOBAHHBIN Ipad:

X4 Us X5

Puc. 3.4. [Ipumep HeOpHEHTHUPOBAHHOTO Tpada

I[JI?I JaHHOT'O rpa(i)a MaTpula CMCKHOCTH UMCCT BU!:

Xl XE X3 X4 XS XG

xx /0 1.0 0 1 1

X/ 1 01 0 1 1

X3/ 0 1 01 00
A:

x4 00 1 01 1

x5/ 1 1.0 1 00

x¢ \1 1 01 00

CTtpoku u CTONOIBI MaTPUIBI COOTBETCTBYIOT BepmmHam rpada. Tak kak B
rpad)e HET MeTelb, JUaroHaIbHBIC JIEMEHTB MAaTPUILI cMeHOCTH paBHbl 0. Ha me-
PECEUCHHUU CTPOKH M CTOJIOIA CTAaBUTCS 1, €CIM COOTBETCTBYIOIINE BEPIIMHBI CMEXK-
HbI ¥ 0 B IPOTUBHOM city4ae. Tak Kak rpad siBJIIeTCS HEOPUEHTHPOBAHHBIM, MaTPHUIA
CMEKHOCTH CUMMETPUYHA OTHOCHTEIBHO TJIaBHOW JuaroHanu. Kpome Toro, MoxHO
BUJICTh, YTO CyMMa DJIECMEHTOB MaTpUIbl A HEOPUEHTHPOBAHHOTO rpada mo i - i
CTpoKe (WJIH O i-My CTOJIOIly) paBHA CTETICHH AaHHOM BepIuHbI P(X;) .

[Tpu mocTpoeHNH MaTpPUIbl CMEKHOCTH OPUEHTUPOBAHHOTO Tpada yunThIBACT-
Csl HANPAaBJICHHE XYr. DNEMEHT ajj paBeH 1, ecan B rpade CymecTByeT Ayra
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HaYyaJbHOH BEPIIMHON XjH KOHCYHOH BEPUIMHON X . Ecim Takol Myru HET, SIeMeHT
ajj paser 0. Takum 0o0pa3zoM, paccMaTpUBAeTCS MPSIMOE HAPABICHUE AYT, HPUIEM

HayaJbHas BepUIMHA AYTH OepETcs MO CTPOKE, a KOHEYHAsi — 0 cToJ01y. OUeBH/IHO,
YTO MPHU 3TOM MaTpPHIA CMEKHOCTU HE OyJeT CHMMETPUYHA OTHOCUTENIBHO TJIaBHOU
JAUaroHau.

Paccmotpum opueHTHpOBaHHBIN Tpad:

Puc. 3.5. IIpumep opueHTHpOBaHHOTO Tpada

C y4€TOM BBINIEU3TI0KEHHOTO TTOCTPOUM MAaTPHUILy CMEXKHOCTH paccMaTpUBae-
MOT'0 OPUEHTUPOBAHHOTO Tpada:

X1 X2 X3 X12X5X35

)

x;, /0 1 0 0 0 0
X,/ 0 0 0 0 1 1
X3/, 0 1 0 0 0 0
A:
x40 00 1 0 1 0
xs| 1 0 0 0 0 0
xg \1 0 0 1 0 0

Hanpumep, B nepBoi CTpOKE MaTpHUIIbl BCETO OJIUH JIEMEHT paBeH |, Tak Kak
CYLIECTBYET BCETO JIMIIb OJHA Iyra, BEIXOAAIIAA U3 BEPIIUHBI X{. OTa Ayra 3aXOIUT

B BepiuHy Xo. IToaTomy anemeHT aq» paseH 1. Jlyru U U U7 HalpasieHBI B IIPO-
TUBOIIOJIOXKHYIO CTOPOHY. I HUX BEpILIMHA Xq sABIsAETCA KOHeYHOM. ITooTomy coot-
BETCTBYIOLIME JJIEMEHTHI d1g U a5 paBHBI 0. AHAJIOTUYHO 3aIIOIHAIOTCS OCTAJIbHBIC

CTPOKHM MaTpHUILIbl CMEXHOCTA. MOMKHO 3aMETUTb, YTO ISl oprpada cymma siemMeH-
TOB MaTPHIIBl CMEXHOCTH TIO | - i CTPOKE paBHA IMOJYCTENICHH MCX0JIa COOTBETCTBY-
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IOIeH BepmIMHBI P (Xj), @ CyMMa 3JIEMEHTOB II0 | - My CTOJIOIly paBHa MOIYCTEIICHN

3aX0/1a IAHHO# BepIHHBI P (X;).

Mampuyet unyunoenmnocmu  HeopueHTupoBanHoro rpada G=(X,U) ¢ n
BepIIMHAMU U M peOpaMu Ha3bIBaeTCsa MaTpuila B pasmepa N x m, 3JeMeHThI KOTO-
POl OMPEIENAIOTCS CACAYIONINM 00pa3oM:

N {1, CCJIM BEPILINHA Xj HHIMHACHTHA peOpy U ;
ij=

0 BIPOTHUBHOM Cydae.

Jl1st opueHTUpOBaHHOTO rpada :

1, ecnu BepiuMHA X; - HAYaJIbHAs BEPILINHA AYTH U j;

b

i= I 1, €CJIM BEpIIMHA X; - KOHCYHas BepIInHa 1yru u J’

0, ecnu BepiMHaA X; HE MHIIMHEHTHA JyTe U i

[ToctpouMm MaTpuily HMHIMHAEHTHOCTH HEOPUEHTHUPOBAHHOrO rpada, Mpen-
CTaBJIEHHOTO Ha puc. 3.4. CTpoku MaTpHIlbl COOTBETCTBYIOT BepLIMHAM rpada, a
cToJIOBI — pédpam rpada. [locTpoeHne MaTpulibl HHIIMHACHTHOCTH YA00HEE POou3-
BOAMTH 1O cTonOmam. Kaxkplil ctonber conep XUt 1Be eAUHHUIIBI, COOTBETCTBYIOIINE
JBYM BEpIIMHAM, KOTOPbIE MHIIMHICHTHBI TaHHOMY pebpy. Marpuiia HHIIMHACHTHO-
CTH OyJIeT UMETh BU]I:

nyuz2 uz U4 U5 Ug U7 Ug Ug

X1 1 0 0 O O 1 0 0

x, /1 0 1 1 0 0 O 1 0

B—XS o 0o o 1 1 O 0 O O

x40 0 0 0O 1 1 0 0 1

xs(0 1 1 O O 1 O O O
X0 0 0 O O 0 1 1

[TocTpoenne MaTpuIlbl WHIWHISHTHOCTH OPUEHTHUPOBAaHHOTO rpada ocy-
IIIECTBIIICTCS. aHAJIOTHYHO C TOM pa3HMIEH, YTO KAl cTOJIOCIl coaepxuT 1 m -1.
3HaK “+” COOTBETCTBYET HAYaJIbHOW BEPLIMHE JIYTH, 3HAK “‘-” COOTBETCTBYET KOHEY-
HOI BepmmHe nyru. s rpada, nzo0pak€HHOro Ha puc. 3.5, MaTpHIla UHIIUH]ICHT-
HOCTH UMEET BU/L:
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1.

2.

uj
Xy /1
X, (-1
X3/ 0
X4, 0
x5 0
Xg| 0

u; u3 uy U5 Ug U7 Ug Ug
-1 0 0 0O 0 -1 0 O
o 1 -1 0 0 0 1
o o 1 -1 0 0 O
0 0 0 1 1 o 0 -1
1 -1 0 0 -1 0 0 O
0O 0 O 0o 1 -1

3.3. OcHoBHBIC OnIepanMu HaJX rpadamu

Obveounenue epagpos. ObOvemunenneM rpadoB Gp=(X{,Uq) =n
Gy =(X5,Us) naseBaercs rpad Gz = (XU Xy, UjuUy).

Ilepeceuenue cpagpos. Ilepeceuenmem rtpadoB G =(Xq,U1) wm
Go =(X5,U>y) nazwBaercsa rpad Gz = (X1 N Xo,U;nU>y).
Ha puc. 3.6, a, 6 npencrasiensl rpagsl Gq u G, Ha puc. 3.6, B ux o0benu-

HEHHUe, a Ha puc. 3.6, T - mepecedcHue.

X1

15

X3

17

X3

1 11
X1 X2 X1 X2
s 4 12 Us g s
U3 13
X3 X4 X3 X4
1z
Us
110 s
’ Xs X6
X5 Xs
a 0
u u
! ' 6] X1 ! X2
g U4
115} 113 15
= X3 L X4
X4
10 s Xs Us Xs
B T

Puc. 3.6. PesynbTar onepanuii Haja rpadamMu
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3. Yoanenue eepwunol. Ilpu ynaneHun BepiiuHbl U3 rpada yaanasioTcs U Bce
WHIUHJICHTHBIC eil pedpa (ayrn).

4. Yoanenue peopa (0yeu). llpu ynanenuun pebOpa (Ayru) ero KOHIIEBbIE Bep-
MIWHBI HE yaanstorcsa. Onepanyeid, 00paTHOM K onepaluu yaajieHus pedpa, sBisercs
omeparusi dodasnenus peopa.

5. Chusnue U 0modicOecmeneHye BEpIIKH. ' 0BOPST, YTO BEPLIMHBI Xj U X;

B rpade G OTOXKIECTBISIOTCS (CIMBAIOTCS), €CIM OHHM 3aMEHSIOTCS TaKOW HOBOU
BEPIINHON X, 4TO BCE pedpa (ayru) rpada, HHUMHIACHTHBIC Xj M Xj, CTAHOBSTCS

NHINHICHTHBIMHA HOBOU BCPIINHC Xk .

6. Cmseusarnue pebpa. Ita orneparys 03HadaeT yAaJIeHHe pedpa U OTOXKICCTB-
JICHHE €r0 KOHIEBBIX BEPIIIHH.

7. Iloopasdouenue peobpa. [1pu BBINOTHEHNN 3TOW ONEpaliu U3 rpada yaanser-
cst pebpo (Xj,Xj) 1 nobaBisrOTCs Ba HOBBIX pebpa (Xj,Xk) U (Xk,Xj), rae Xy -

HOBasl BepIIMHa rpada.

Ha puc. 3.7, a mpeacrasien rpad G, Ha puc. 3.7, 6 - rpad G mociie ynaneHus
BEpLIMHBI X3, Ha puc. 3.7, B - rpad G B pesynbrare ynanaeHus pedpa Up, Ha pHUC.
3.7, - rpad G nocine causHUSA BEPUIMH X3 U X4, Ha puc. 3.7, 0 - rpad G B pe3yib-
TaTe CTArMBaHus pedpa Uq, Ha puc. 3.7, e - rpad G nocne nogpazouenus pedbpa U;.

X3 L5 X4 ?{4 X3 1 X4
U3 113 3
12 [REL 14
14
X1 Us X2 X1 s X2 X1 s X2
a 0 B
m
X X u
Xs 5 5 1 X4
g
s us
11 u
2 3 w| s X6 4
7
X1 Us X2 X1 Us X2 X1 15 X2
r il | e

Puc. 3.7. PesynbTar onepanuii Haja rpadaMu
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3.4. U3omopdusm u romeomoppusm rpagos

JlBa rpada Gq u Go Ha3wpIBAIOTCSA UZOMOPEPHBIMU, €CTU MOKHO YCTAaHOBUTH

B3aMMHO-0JTHO3HAYHOE OTOOpa)KEHHE MEXTy MHOKECTBAMH UX BEPIIUH, COXPAHSIIO-
miee cMexHocThb. [Ipumeps! nzomopdHbIX rpadoB npuBeneHs! Ha puc. 3.8.

X1 X2 X3 X1
X'c’a X'z
: x'
X 3 3
X4 Xs Xs X 4
a 0

Puc. 3.8. [Ipumepsr nzomopdubIX rpados

Jnst rpadoB Ha puc. 3.8., MOXKHO YCTAaHOBUTH CJIEAYIOIIEE COOTBETCTBUE!
X1 -X1, X4-X4, Xg-Xg, X3-X3, X5-X2, X5-Xsg.

[Tpu pemeHNM NpaKTHUUECKUX 3a1ad MH(OPMALMOHHOIO MOMCKAa YacTo pac-
CMaTPUBAIOTCS 3aJ1a4H U30MOpPPHO20 610JceHus. PelieHue 3Tux 3a1ad CBOAMUTCA K
YCTaHOBJICHUIO M3oMopdu3mMa Mexay rpapom G M KakoW- JUOO YaCThIO JIPYroro
rpada G'. Hanpumep, Ha puc. 3.9 moarpad, BeIIeICHHBIN KUPHBIM MIPUPTOM, U30-
mopden rpadam, mpencraBneHHpM Ha puc. 3.8. CnemoBarenbHO, 3TH Tpadbl U30-
MopdHo BioxkuMbI B Tpad G.

X7

X1

X3

X3

X3
X4

Puc. 3.9. [Tpumep nzomopdHOI BIOKUMOCTH
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JIBa rpacda Ha3BIBAIOTCS 2OMeOMOPDHbIMU, €CTTH 002 OHH MOTYT OBITH TIOJTy4e-
HBI U3 OJTHOT'O M TOT'O ke rpada moapaszoueHuem ero pedep (puc. 3.10).
X2 X2

X5

X1 X3 X1 X3

a 4]
Puc. 3.10. [Ipumepsl reomopHbIX TpadoB

3.5. MapuipyThl, Henu, HMKJIbI B rpagax

[TocnenoBatenpHOCTH pedep Heoprpada (X1,X2), ..., (Xr1,Xy), B KOTOPO# KO-
HEI[ KOKIO0TO MPEABIIYIIEro pedpa COBMNAIaeT ¢ HAYAIOM CIICIYIOIIEro, Ha3bIBaeTC s
Mapuwpymom, COSTUHSIONMM BePIIHHbI X1 U X, . AHAJIOrOM MapuipyTa Juis oprpada
SABIIACTCS OPUCHMUPOBAHNBIU MAPUPYM U3 X1 B X,

MapiipyT SBISCTCS 3aMKHYmbIM, €CIIM HavajdbHas BEPIIMHA COBIAIACT C KO-
HeuHoW. He3aMKHyTBIH MapIiipyT, B KOTOPOM Bce pedpa pasiuyHbl, HA3bIBAIOT ye-
nvio. He3aMKHYTBI OPUEHTUPOBAHHBIM MApUIPYT, COAECPKAIIUHI ITOMAPHO Pa3IUYHbIE
AyTH HasbiBaeTcs nymem. Llensb (1yTh), B KOTOPO#H (B KOTOPOM) BCE BEPIIUHBI ITOHap-
HO Pa3JIMYHbI, Ha3bIBaCTCSA npocmoi (npocmuim). 3aMKHYTasl 11T Ha3bIBACTCS YUK-
JIOM, 3aMKHYTasl TPOCTasi IEMb - NPOCMbIM YUKIOM. 3aMKHYTBIA MyTh Ha3bIBACTCS

KOHMYpPOM, 3aMKHYTBIN TIPOCTOU MYTh - npocmuim kKonmypom. I'pad, He coneprramuii
LMKJIOB, HA3bIBAIOT AYUKIUYECKUM.

Tak, nns rpada Ha puc. 3.1, a

(X2,X3), (X3, X4), (X4, X5), (X5,X6), (X6,X5) - MapmIpyT JJIHUHBI 5;

(X1,X2), (X2,X3), (X3,X4), (X4,X2) - uems;

(X1,X2), (X2,X3), (X3,X4) - mpocTas 11eb;

(X1,X2), (X2,X3), (X3,X4), X1,X5), (X5,X2), (X2,X4), (Xg,X1) - mux;
(X]_, X2), (X2,X3), (X3, X4), (X4,X1) - HpOCTOﬁ IIUKII.

s rpada na puc. 3.1, 6

< X1, X2 > < X92,X3 >, <X3,X4 >,<X4,X5 >,<X5,X2 > - IIyTh;
< X1,X2 >,<X9,X3 >,<X3,Xq >, < Xyg,Xg > - IPOCTOH I1yTh;

< X1,X2 >,<Xp,X3>, <Xg3,Xgq >, <Xg4,X1 > - OPOCTON KOHTYD.
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3.6. OcHoBHBIE THIIBI TPadoB

I'pad, y KOTOPOro BCE BEPIIMHBI UMCIOT OJIMHAKOBYIO CTCICHb K, Ha3bIBaeTCSA
peayaaproim (00Hopoonsim) Tpadom crernenun K. Hucno pedep m Takoro rpada ompe-
JeNAeTCs CIEeTYIOIUM 00pa3oMm:

1

m==-n-K.
['pad, He umerouii pedep, Ha3bIBACTCS NYCHMbIM, @ €TO BEPIIHHBI - U30JIUPO-
BaHHBIMU. [lycToil rpad, umeromuii N BepunH, o6o3Havaerca Op,.
I'pad HazbIBaeTcs nonHbiM, €CIU BCE €r0 BEPIIMHBI CMEKHBI. [lonHbli rpad
nopsaka N odbosHayaercss K. Uucno pedep nomnxoro rpada K, onpenensercs cie-

IYIOLIUM 00pa3oM:

n
m= Y p(x;)/2.
i=1
I'pad G=(X,U) Ha3bIBacTCI 06y00./1bHbIM, €CITH CYIIECTBYET TaAKOE pa30OHUeHUEC
MHO€ECTBA €r0 BEpUIMH X Ha J1Ba HENEPECEKAIUXC NOAMHOKeCTBa Xq U X, UTO
KaXx10e peOpo UMeeT OJIHY KOHIIEBYIO BEpIIMHY B MOAMHOXKECTBE X1, a JPYTYIO - B
nogmHoxectse Xo. [lonMHo)kecTBa X1 1 X9 B JaHHOM CIy4ae Ha3bIBAOTCS 00Jis-
mu. Ecnu nBe BepmHbI rpada, BXOIANINE B pa3HbIC JOJH, CMEXHBI, TO rpad Ha3bl-
BACTCA NONHBIM 08Y00IbHbIM U ODO3HadaeTcs Kp n,, rae Np= ‘Xl‘, No = ‘XZ‘-

Ananoruuno onpenaensrorces K-noapHbIi 1 moaHbi K-nomeHbli rpader (K>2).

Ha puc. 3.11 npencraBnens! perymnsapHsiii rpad crenenu 2 (puc. 3.11, a), rpa-
¢u1 Ks(puc. 3.11, 6), Kyis(puc. 3.11, B), Kzz(puc.3.11,1)

a 0 B r
Puc. 3.11. Ilpumeps! rpacdoB

Pebepnvim rpadom rpada G=(X,U) naszsiBaetcs rpad L(G)=(U,V), Bepiiunam
KOTOPOTO COOTBETCTBYIOT pebpa rpada G. Ise Bepummubl U; K U; rpada L(G) cmex-
HBI, €CJIM COOTBETCTBYIOLIME UM pedpa U; nU; rpada G. Ha puc. 3.12, a mpexcras-
nen rpa¢ G, a Ha puc. 3.12, 6 - pebepnbiii rpad L(G).

45



X2 U2 X3 uz 13

s
u; 113

X1 4 Xa m Us

-

a 6
Puc. 3.12. I'pad u ero peGepHbIii rpad

[Ipu koHCTpyKTOpCcKOM mpoekTupoBaHun POA um DBA k TOomosiormueckum
YepTekaM 4acToO MPEIbABISIIOTCS TpeOOBaHWE MOJYYEHUS TUIOCKOTO HM300pa’KeHUs
CXEM WJIM UX 4acTei. B 3TOW CBsI3M BO3HUKAET 3a/Ja4ya OMPEACIICHUS NIAHAPHOCHU
rpada. ['pad Has3bIBaeTcs nianapusvivm, €CIU €T0 MOXKHO H300pa3uTh Ha IUIOCKO-
CTH TakuM oOpa3zoM, 4ToOBI ero pedpa He mepecekanuch. ['pad, MHOKECTBO pedep
KOTOPOTO PACIIOJIORKEHO HA IIIOCKOCTH TaKUM 00pazoM, 4yTo pedpa UMEIOT TOUKH Iie-
pecedeHus JUIlb B BEpIIMHAX, Ha3biBaeTcs niockum. Ha puc. 3.13, a npencraBieH

TutaHapHbIi rpad, a Ha puc. 3.13, 6 - u3oMopdHbIN emMy MITOCKUN rpad.
X2 X3 X7 X3

X1 Xs X10 Xo

X5 6 X10

Puc. 3.13. [Ipumep mnanapHoro rpada u u3oMophHOIro emy MiIockoro rpada

[InanapHubiii rpad), KOTOpBIN Mpu A00aBICHUH JTHO00r0 pedpa CTAaHOBUTCS He-
IUTAHAPHBIM, HA3BIBAIOT MAKCUMANbHLIM NIAHApHuIM 2pagom. Hanmenbllee 4uciio
pebep, KoTopoe HEOOXOIMMO YAAIUTh U3 HeTUIaHapHOTO Tpada, pacmoIoKeHHOTO Ha
IJIOCKOCTH, YTOOBI OH CTall IUIaHAPHBIM, HA3BIBACTCS YUCIOM NIAHaApHOCMU U 000-
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3Hauaercs 0(G). s monHoro rpada Ky, n>4 06(K,)=(n—-3)(n—4)/2. Eciu n=4,
10 O(K,,) =0. I'pad, HE MMEIOIMMIT HI OJJHOTO IMKJIA, BCET A IUTaHAPEH.

3.7. MeTpudecKne XapakTepuCcTUKHA rpados

Paccmorpum rpad G=(X,U). /lnuHa kpaTyaiiiiero mapiipyTa, COSIHHSIOIIETO
BEPIUMHBI X; U X (MYTH U3 X; U X ), HA3BIBACTCS PACCMOAHUEM MEXK]TY BEPLIMHAMU

X; u X 1 obosnagaercst d(Xj,X;). Eciu BepiuHbl X; X HE COCAMHEHBI MapIpy-
ToM (myrem), d(Xj,X;) = .

Mampuyeu paccmoanuu rpada ¢ N BepIIMHAMU Ha3bIBACTCS KBaJpaTHas MaT-
punia D nopsiika N, 31eMEHTHI KOTOPOU OMPEAEIIAIOTCS CIEIYIONUM 00pa3oM:

d {0, ecIu X = Xj;
- d(Xi,Xj), €CJit Xi in.

Paccmorpum BepmmHy Xj rpada. Oxcyenmpucumemom (OTKIOHEHHOCTBIO)
BCPIIMUHBI Xi Ha3bIBACTCA BCJINYMNHA.

e(xj) = maxd(xj, Xj)

Xj e X

MaxkcuMabHbIN cpean SKCOCHTPUCHUTCTOB BCPIIMH HA3bIBACTCHA OuaMempOM
rpada G:

diam(G) = max e(x;) = max maxd(xj, x;),

Xj e X Xj e X xjeX

MuHUMaNbHBIA W3 SKCLEHTPUCUTETOB BEPILIHWH CBA3HOrO rpada Has3bIBaeTCs
€ro paouycom.
r(G) =mine(xj)=min maxd(X;j,Xj),

XiEX Xiex xjeX

BepirHa C MUHUMAJIBHBIN SKCIIEHTPUCUTETOM Ha3bIBaeTCsl yermpom rpada.
llepedamounvim yucaom U BEPIIUHBL Xj HA3bIBACTCS BEINYHHA!

P(xj)= 2 d(Xj,Xj)

xjeX

Bepimna rpada, KoTopoi COOTBETCTBYET MUHUMAJIBHOE TIEPEIATOYHOE YUCIIO
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min P(x;) =min > d(x;, X ),
Xiex Xiex Xjex

Ha3bIBaeTCs Meduanot rpada.

X4 X5

X2

X1 X3

Puc. 3.14. Tlpumep rpada

Hampumep, mist rpada, uzobpaxenHoro Ha puc. 3.14, Matpuiia paccTosSHUH,
AKCIICHTPUCUTETHl BEPIIMH W TEpPEeAaTOYHbIC YHCIa OINPEACISIOTCS CIEAYIOIMIUM
o0Opazom:

X1 X9 X3 X4 X5
X1(0 1 2 1 2 e(x1)=2, P(xq1)=6,
Xol1 0 1 1 1| e(X2)=1 P(xXp)=4,
D=x3|2 1 0 2 1 e(x3)=2, P(x3)=6,
X441 1 2 0 1 e(Xg)=2, P(Xy4)=5,
xs{2 1 1 1 0) e(xs)=2, P(xg)=5.

[Tpoananu3npoBaB MOTYYCHHBIE PE3YIbTAThI, ONMPEACTUM METPUIECKUE XapaK-
TepUCTUKHU Tpada: panuyc rpada paseH 1; nuamerp rpada paseH 2; ueHtp rpada -
BEPIIMHA X9 ; MeauaHa rpaga - BepIuuHa Xo.

B rpade MoxeT ObITh HECKOJIBKO IIEHTPOB M MEIMAH.

PaccMoTpuM mpHKiIaHbIe acEeKThl 3a/1a4M ONpeAeNICHUS] METPUUECKUX XapaK-
Tepuctuk rpada. C onpeaeneHueM METPUUYECKUX XapaKTEPUCTUK rpada yacTo Mmpu-
XOJUTCSl CTAJKWUBATBbCA MPHU PEIICHUU 3aJad pa3MEUICHHs Pa3IUYHbIX OOBEKTOB
(371eMeHTOB Ha IIaTax, Teje- U paguocTaHiuil u T.1.). [Ipu aTOM eciiu HEOOX0ANUMO
MUHUMH3UPOBATH PACCTOSIHUE OT Pa3MeNIaeMoro AJIEMEHTa 10 Haubosee yaaleHHON
BEpIIMHBI Tpada, TO 3aJa4d TaKOTO pPOAA HA3bIBAIOTCS MUHUMAKCHbLIMU 33Ja9aMU
pa3MeNIeHHsI U CBOSITCS K OMPEICTICHUIO IIEHTPOB rpada.

Ecnu e Heo0X0AMMO MUHUMHU3UPOBATh CYMMY PACCTOSIHUN OT BEPIIUH Tpada
710 pa3MeIaeMoro o0ObeKTa, To MOJA0OHBIE 3a/1a4M HA3bIBAIOTCS MUHUCYMMHbIMU 3a-
JadaMy pa3MeIIeHUs M CBOJSATCS K ONpeIeTICHUI0 MeanaH rpada.
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YnpaxxkueHus

1. dns rpadoB, n300pa’keHHBIX HA pUC. 3.15, MOCTPOUTH MATPHUIIBI CMEXHOCTH,

HWHIMHACHTHOCTH U OIIPCACIINTD CTCIICHU BCPIINH!

Xz X4
X1 Xe
X7
a
X2

X3 X4

o T

Xs

Xi Xe

X7

X3

Xs

X2

X1 X3

A

X5

Puc. 3.15. Ilpumepsl rpadoB AJis 3a1aHUSI MATPUYHBIM CIIOCOOOM



2. [IpencraButh reomeTpudecku rpad, 3aaHHbII MAaTPUIIEH CMEKHOCTH:
X1 X2 X3 X4 X5 X5 X7
x;1 /0 1
X9 1 1
X3
X4
X5
X6
x7 \

A=

R P O O O

P P O O O O K
L = i
L =
e e e
P O O O O K -
O r O O O

3. st rpada Ha puc. 3.16, a MOCTPOUTH:

- TOPOKJICHHBIH IMOATpad Ha MHOXKECTBE BEPIIUH {X1, X2, X3};

- OCTOBHBIN noArpadg, coaepkauyii TobKo Te pedpa (Xi, Xj), B KOTOPBIX CyMMa
I+] SIBJISICTCS HEYCTHBIM YHCIIOM.

4. OnpenenuTs METPUUECKHUE XapaKTEPUCTUKU rpadoB

X3 X4 X3

AN N

X Xi X2 Xﬁ

X7 X
a 6
X3 X4 X3 X4
XE @ X X %\ X
X N e . Xs
X7 X7

B r
Puc. 3.16. IIpumepsi rpadoB 11 onpeneneHus METPUIECKUX XapaKTePUCTUK
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4. AJITOPUTMbI TEOPUU T'PAD®OB
4.1. JIOCTHKMMOCTD M CBSI3HOCTh

Bepumna X Heoprpada (oprpada) docmudicuma U3 BEPIIMHBL Xj, SCIIH CyLIe-
CTBYET MapIIPyT, COCANHSIOMMMA Xj 1 Xj (yTh u3 Xj B Xj). Eciu B oprpade cyme-
CTBYIOT IIYTU U3 Xj B Xj K 00paTHO, TO FOBOPST, YTO BEPIINHBL Xj U X j 63AUMHO 00~

CIMUINCUMBL.

Heoprpad Ha3zbiBaeTCs c643HbIM, €CIIU JIIOObIE IBE €r0 BEPUIMHBI COCIUHEHbI
MapupyToM. Oprpad Ha3bIBACTCS CUIbHO CBA3HLIM, €CIH JIIOObIE JBE €ro BEPUINHBI
B3aMMHO JOCTHXKUMBI, OOHOCHOPOHHE CBA3HbIM, €CITU JJISl JIIOOBIX IBYX BEPIUIUH IO
KpaliHel Mepe OHa IOCTUKUMA U3 IPYTON U €1ab0 C8543HbIM, €CIIU CBA3HBIM SIBIISET-
Csl JIeKAILMI B €r0 OCHOBE Heoprpad.

Tak Ha puc. 4.1, a, 6 mpeACTaBICHbl HECBS3HBIN U CBS3HBIN Heoprpadbl, a Ha
puc. 4.1, B — cuibHO cBsizHBIN oprpad. Oprpad Ha puc. 4.1, r OZTHOCTOPOHHE CBSI3-
HBII, TaK KaK €r0 BEPIIUHBI X; U X5 HE SABISIOTCA B3AUMHO AOCTHKUMBIMU. Oprpad

Ha pHcC. 41, bil| c71a00 CBSI3HBIN U HE SIBIISICTCS HU CUJIbHO, HU OAHOCTOPOHHC CBA3HBIM,
TaK KaK BCPIIINWHA Xl HC JOCTHXXHMaA U3 BCPIIMHBI X3, a BEplInHa X3 U3 X;.

X2 X3 Xz X3 X5 X2 X3
L ]
G G
X4 X7
L ]
X1 X3 X4 X1 X3 X1 X3 X4
a 6 B
X
3 X3
X3
X2 X4
X5
X1 X5 X1 X4
r pi

Puc. 4.1. I'padbl ¢ pa3HbIMU TUIIAMU CBSI3HOCTHU
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Komnonenmoti céasnocmu nHeoprpada Ha3bIBae€TCs €ro0 MaKCHUMAaJIbHBIM CBSI3-
HBI noArpad, To ecth noAarpad, He colepiKalluiicss HU B KaKOM JIPYTrOM CBSI3HOM
noarpage 3Toro rpada. AHAIOTHYHO CUTbHOU KOMHOHeHmou oprpada Ha3bIBaeTCs
€ro MakCUMaJIbHBINA CUJILHO CBsI3HBIN noarpad. Tak, Heoprpad Ha puc. 4.1, a coctour
U3 IBYX KOMIOHEHT cBs3HocTU: G, 1 G,, oprpad Ha puc. 4.1, r COOEPKUT CUIBHYIO
KOMIIOHEHTY, BKJIIOYAIOIIYI0 BEPIIMHBI X1, X2, X3, X4.

Ecnu rpad G monenupyet cxemy POA unu DBA, To BblJeleHHE B HEM KOM-
MIOHEHT CBSI3HOCTH COOTBETCTBYET €ro pasdueHuro Ha CBA3HBIC HEIMEPECEKAIOIIUECs
noarpadsl (MoACXeMbl), MPUYEM TaKoe pa30MEeHHEe BCETla OJIHO3HAUHO.

Mampuyeu oocmusxcumocmu rpada ¢ N BepIIMHAMHU Ha3bIBaCTCS KBaJpaTHAsS
Matpuiia R mopsiika N, 31eMEHTHI KOTOPOH OMPEIEISIOTCS CIASAYIOMNUM 00pa3oM:

. 1, ecym BepIMHa X j JOCTHKUMA U3 Xj ;
Yo, MIPOTHUBHOM CJIy4ae.

Mampuyeti koumpoocmusxcumocmu Tpada ¢ N BepIIMHAMU HA3bIBACTCS KBaI-
paTtHast Matpunia Q mopsiaka N, SIEMEHThl KOTOPOH OMPEAENIOTCS CIASAYIONINM 00-
pasom:

q = 1, eciut BepLIMHA X j JOCTHKAMA U3 X;;

J —

0, B IIPOTUBHOM CJIy4ac,
i =1, Qii =1Vi

Mampuyeii cunvhoti ceésasnocmu oprpada ¢ N BepIIMHAMHU Ha3bIBA€TCS KBaj-
paTHast MaTpuiia S mopsiaka N, SJIEMEHTH KOTOPOW OMPEIENISIOTCS CleAyomuM o0pa-
30M:

1, ecrvt BepIIMHBIA X j ¥ X B3AUMHO JOCTIDKHMBI,
S.. —
i
17 00,8 MIPOTUBHOM CIIy4ae.

Martpunsl R, Q u S cBs3aHBI MEXKTy COOOM CISAYIOITUM 00pa3oM:
R=Q',S=R*Q,

rae * - oneparys N03J€MEHTHOTO YMHOXEHUSI MaTPHLI.

Ecnu BepInHBI X; M X; HPUHAICKAT OZHON CHIBHON KOMIIOHEHTE oprpada,

10 Sjj =1. IIpn 9TOM CTPOKH (CTOJIOLBI), COOTBETCTBYIOLINE STUM BEPIIMHAM B Mart-

puue S, oguHakoBbl. /{15 Heoprpada MaTpUIbl JOCTUKUMOCTH U KOHTPAOCTUKUMO-
CTH COBIIAJAIOT U SIBISIOTCS aHAJIOraMU MaTPULIbI CUJIBHOM CBSI3HOCTH.

[Ipyn mMamuHHONW peanu3aluy aaropuTMOB Ha rpadax MaTpHIbl PACCTOSHUM,
JOCTUKUMOCTH, KOHTPIAOCTUKUMOCTU U CHJIBHON CBA3HOCTU MOKHO OIIPEIEIIATH Ye-
pe3 MaTpHUIly CMEXHOCTH.
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IIycts nan rpad G, A =(a;) - ero MaTpuia CMEKHOCTH. DIIEMEHTBI MaTPHIIBI

paccrostauid D MOXHO BBIYUCIUTH cleAyromuM o0pa3oM: dij paBHO HAaMMEHBIIIEMY H3
grcen N, 1yt KOTopbIX &;j" > 0, rae aij" - anemenT Matpuibl A", 1 paBHO 0€CKOHEYHO-
CTH, €CJIM TaKUX YHCEN HET.

Ipumep. [Jau rpad G (puc. 4.2). Haiitu matpuity paccrosuuii D.

xy x5

X1 X3
Puc.4.2. Ucxonusliii rpad

CHauana HailieM MaTpuIy CMeXHOCTH A

:{1:{2:{3};41
10101 0)
X010 1 1 1

A=X3l0 1 00 1
11 100 1
001110,

[To matpune A HayHEM CTpOUTH MaTpully pacctosiHui D. JlnaronansHeie aiie-
MeHTBI MaTpullsl D paBHBI Hymt0. OcTanbHbIE JIEMEHTHI OMPEEIIsIeM TI0 CIeAyIoIIe-
My MpaBUILy: €CIIM 3JIEMEHT @jj MaTpHilbl A paBeH |, TO COOTBETCTBYIOIIUNA AJIEMEHT
dij marpunsl D Toxke Oyner paBen 1. Hemoompenenennas marpunia D m3o0pakeHa
HIDKE.

X Xg X3 X4 X5

%

(0 1 1
010111
D=X3] 10 1
X401 1 0 1
0111 0)
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VMHOXUM MaTpuily A camy Ha ce0s u HaiizeMm Matpuiry A2,

Xl XE 1'{3 X4:{5«,

X2 111 2
X901 4 1 2 2
A2=x301 1 2 2 1
X401 2 2 31
X502 211 3

. v

Tak kak B mMaTpurie A? HET HyJEBBIX JJIEMEHTOB, TO OCTABIIHMECS HEOIpEJie-
AEHHBIMU 3J1eMeHTBI MaTpullbl D paBHbl 2. OKOHYATEIIBHO MaTpulia pacctosHuid D
OyIeT UMeTh BUJI:

KIKEKEX_{I_X
(o1 2 1 2
X010 11 1

D=Xz|2 1 0 2 1
X011 2 0 1
502111 0)

Marpuiy JOCTHKUMOCTH R MOXKHO HaiiTH C IIOMOIIBIO MATPHUIBI CMEKHOCTH
A cnegyromum o6paszom R = T(E+A+A%+.. . +A™), rie n — umncno Bepumn, E — equ-
HUYHAs MaTPUIIA, a O1epaTop T ONpeeNseTcs CeAyOIUM 00pa3oM:

a) 1, ecan a; > A
T(a,)=
ij
0, ecnu @; B MPOTUBHOM Cllydae

Matpuiia KOHTpAOCTHKUMOCTH Q HaXOAUTCS TPaHCIIOHUPOBAHUEM MAaTPHUIIBI
noctmwxkumoctu R: Q =R,
IMpumep. Jlaun rpad G. Haiitu maTtpuily 1ocT:kUMOCTH R M KOHTpAOCTHKU-
moctH Q.
X

X X3

Puc. 4.3. Ilpumep rpada as noctpoeHus MaTpuil JOCTHUKUMOCTH U
KOHTPJIOCTUAKUMOCTHU
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3anuieM eIMHUYHYIO MATPHILY, MATPHUILy CMEXHOCTH A, ee kBaapaT A% u Ky0

A3:

:{1:{2:{3 <. % X
X1 0 0 %0 0 0
E=X0 1 0 A=X3l1 0 1
30001 X311 0 0

I{IKEI{

50 00

A4=X301 0 0

X200 00

CKJIanpIBaeM €IMHMYHYI0 Matpuiy E, Marpumy A m matpuiy A? u ¢ momo-
1IpI0 oneparopa T HaxoAUM MaTpully AOCTHXKUMOCTH R u (Tpancnonupys R) mart-
pHILy KOHTpAoCTHRUMOCTH Q:

X Xg Xy XXX
01 00 X1 11
E=%301 11 Q=X0 10
X301 01 X001 1
AJITOPUTM OnNpeaeSieHUs CHJIbHBIX KOMIIOHEHT CBSI3HOCTH oprpada
1. [TocTpoeHne MaTpuIlbl JOCTHKUMOCTH R.
2. [TocTpoenne MaTpuIlbl KOHTPAOCTHRUMOCTH Q = RT.

3. Onpeaenenne Matpuibl S=R*Q.
4. BpIIeleHHEe CHUIBHBIX KOMIIOHCHT rpada. BepIinmHbI, COOTBETCTBYIOIIHE

OJIMHAKOBBIM CTPOKAM M CTOJIOIAM MaTpPHUIIBI S, MPUHAIS)KAT OAHOW CHILHOW KOM-
MoHeHTe rpada.

IIpumep 1. Onpenenum cuIbHbIE KOMIIOHEHTHI Clieytoniero rpadga:

X X2 3
Ha
27 > X5
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1. TToctpoum Matpuiy AOCTHKUMOCTH R. J/[naroHaibHbIE 3JIEMEHTHI MaTPULIBI
JOCTH)KUMOCTU paBHbl | (T.e. BepIIMHA AOCTHXKMMa cama u3 cebs). 2 Marpuna
CTPOUTCS CIEAYIOLMM 00pa3soM: eCIM BEpIIMHA X HOCTIKHMA U3 Xj (TO eCThb Cy-

IECTBYCT MyTh U3 Xj B Xj), TO COOTBETCTBYIOLIMIT HIEMEHT MATPHLIBI JOCTHXKUMO-
CTH fjj paBeH 1, B IPOTHBHOM ciiy4ae oH paseH 0. IIpu 5ToM 1yTh U3 Xj B Xj MOXKeET

IIPOXOAUTH Yepe3 AH00bIE MPOMEXYTOUHbIE BepliuHbl. Hanpumep, BepimmHa Xo H0-
CTI)KUMA U3 X1 (Yepe3 BepHIMHYy X7), MOITOMY 3JEMEHT MaTpHUUbl o paseH 1. U3
BEPIIUHBI X{ JOCTMXKMMBI BCE BEPUIMHBI I'pada, I03TOMY B IIEPBOM CTPOKE MATPHUIIBI
BCE €MHULBI. BepmmHa Xy M3 X3 HEIOCTHKUMA (IIyTH HET), IIO3TOMY DIIEMEHT 39
paseH 0.

Taxkum 00pa3om, TP MOCTPOCHUHM MATPHIIHI JOCTHKMMOCTH HadallbHAs BeEp-
IIMHA MyTH OepéTcs MO CTPOKE, a KOHEe4YHas 1o crosuduy. BepmmHa, koTopas cooT-
BETCTBYET CTOJOILY, HOJKHA ObITh IOCTHKHMMA U3 BEPILIHUHBI, KOTOPasi COOTBETCTBYET
CTpPOKE.

Martpuna 10CTUKUMOCTA UMEET BU/L:

XX X X X X X
x(1 1 1 1 1 1 D
|1 1 1 1 1 1 1
x[0 0 1 1 1 0 0

R=""

x [0 0 1 1 1 0 0
x[0 0 1 1 1 0 0
x |1 1 1 1 1 1 1
|1 1 1 1 1 1 1
"\ J

2. [TocTpouM MaTpuily KOHTPJIOCTHKUMOCTH Q:

X X X; X4 X; X4 X,

X, 1 1.0 0 0 1 1 h
X, I 1.0 0 0 1 1
Q=RT- |1 1 1 1 1 1 1
[ 1 1 1 1 1 1 1
xs [ 1 1 1 1 1 1 1
[ 1 1 0 0 0 1 1

L1 1 000 1 1 )

a1
»



ManI/IIIa KOHTPAOCTHMIKUMOCTHU CTPOUTCA CICAYIOIIUM o6pa30M: C€CJIM BCpIIN-
Ha Xi JOCTHXKHNMa M3 Xj, TO COOTBCTCTBy}OHlI/Iﬁ QJICMCHT MATPpHUIbl KOHTPAOCTHIKH-

MOCTH (jj paBeH 1, B IPOTHBHOM ciiy4ae OH paBeH 0. B oTimune OT MaTpuIbl J10-

CTHOKMMOCTH, TIPH TIOCTPOCHHHM MATPHUIIbI KOHTPIOCTHIKMMOCTH HadallbHAs BEPIIMHA
yTH Oep&Tcs 1o cTOIOIY, a KOHCYHAs 110 CTPOKE.

Martpunbl R 1 Q cBs3aHbI MEXTy COO0H CICAYIOIIUM 00pa3oM:

Q=R'

Takum 00Opa3oM, YTOOBI IMOCTPOHUTH MATPUIy KOHTPAOCTHIKUMOCTH, HYXKHO
TPaHCIIOHHPOBATH MATPHILY JOCTHKHUMOCTH R.

X X, X, X Xy X X,
X[ 1 1 0 0 0 1 1. )
X, [ 1 1 0 0 0 1 1
QR - (1 1 1 1 1 1 1
g, /1 1 1 1 1 1 1
[ 1 1 1 1 1 1 1
X[ 1 1 0 0 0 1 1
X; | 1 1 0 0 0 1 1 )
3. [TocTponM MaTpuIly CHIILHOM CBS3HOCTH S
X, X, X3 X; X5 X5 Xy
x (1 1 0 0 0 1 1)
L |1 1 0 0 0 1 1
|0 0 1 1 1 0 0
S=R*Q=
|0 0 1 1 1 0 0
x |0 0 1 1 1 0 0
x |1 1 0 0 0 1 1
x»\1 1 0 0 0 1 1)

B Matpuiie CHIBHOI CBSI3HOCTHU DICMEHT Sjj PaBEH 1, €CITH BEPIIMHBL Xj U Xj
B3aMMHO JOCTIDKHMBI (TO €CThb CYLIECTBYCT IyTh U3 Xj B Xj M 00paTHO). DTO BbI-
MOJIHSICTCS. B TOM CJIydae, eCIH  COOTBETCTBYIOIIMC DICMEHTHI [jj U (jj paBHbI | (Ha

OJIHOM M TOM e MecTe B Marpuuax Haxonarcs 1). Ilosromy matpuna S crpourcs
NyTEM M03JIeMEHTHOro ymMHOXeHus: matpull R u Q. Marpuusl R 1 Q ymHOXatorcs
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MO3JIEMEHTHO, T.€. YMHOXAIOTCS JBa 3JE€MEHTa, CTOSIIME B 00EMX MaTpHIlax Ha
OJMHAKOBBIX MecTax. Hampumep, S12 =fo-012 =1-1=1, $S13=n3-013=1-0=0

4. Ilo matpuiie S onpeaennM CUIbHbIe KOMIIOHEHTHI rpada.

BeprmnaM, mpuHauiexKaniM OJHONW CHIIBHON KOMIIOHEHTE rpada, COOTBET-
CTBYIOT OJIMHAKOBBIE CTPOKH (U OJIMHAKOBBIE CTOJIOIBI) MATPHULIBI S.

JI71s1 pacCMOTPEHHOTO MpUMeEpa:

X1, X2, Xe,X7 —T€pBasi CHJIbHasi KoMmmoHeHTa (cTpoku 1,2,6,7 OJMHAKOBBHI.
Cron6iel 1,2,6,7 ToKe OTMHAKOBEI).

X3, X4, X5 - BTOpasi CWJIbHasi KOMIIOHEHTa (cTpoku 3,4,5 onnHakoBbl. CTOIOLIBI
3,4,5 TOXXE OJTMHAKOBHI).

Ipumep 2. OmnpenenuM cCUIIbHbIE KOMIOHEHTHI TIpada, n300pakEHHOr0 Ha
puc. 4.1, 1. Tloctpoum maTpuily JOCTHKUMOCTH R, MaTpuily KOHTPAOCTUKUMOCTH
Q u MaTpuIily CUIBHOU CBSI3HOCTH S.

X1X7X3XyXs
x;/1 1 0 01
01 0 11

R=x3| 0 1 1 11
X410 1 0 11
xs \0 1 0 1 1

X1X7 X3Xy4X5
xq/1 0 0 0 0
20 11 1 11

Q=R'=x3] 0 0 1 0 0
X4/ 01 1 1 1
xs\1 1 1 1 1

X1X) X3 Xy X5
x; /1 00 0 0
X2/ 01 0 11

S=R*Q=x3| 0 0 1 0 0
x4/ 01 011
Xxs L0 1 0 1 1



Takum oOpa3om, naHHBINA Tpad UMEET OAHY CHIIBHYIO KOMIIOHEHTY, COCTOS-
IIYIO M3 BEPIIMH X2, X4, X5 .

[ToHsiTHE CBSI3HOCTH UTPAET BAXKHYIO POJIb NpHU pa3padboTke cxeM POA u OBA,
MpOEKTUPOBaHUM ceTeil OBM u aHain3a ux HaJle:)KHOCTU. AHAIU3 HAAEKHOCTH CBSI-
3aH C OMpeesieHuEM IOoKaszaTejae BepIIMHHOM U peOepHON CBsI3HOCTH TpadoBOil
Mogenu ceti. Yucnom sepuunnou cesaznocmu O(G) rpada Ha3pIBaeTCs HAUMCHBIIIECE
YKCJIO BEPIIUH, IPH yJIaJIEHUU KOTOPBIX HAPYIIAETCS CBA3HOCTH rpada. AHAJIOTUYHO
onpenensiercsa uucno pebepnoii ceéasnocmu AMG). 8(G) < AMG) < p’(G), rue p’(G) -
MUHUMAaJbHAs CTETEHb BepIIUH rpada. Bepumna Xj Ha3bIBaeTCS MOUKOU couieHe-
Hus, €CIIM ToCIe ee yAaneHus rpad cTaHOBUTCS HecBs3HbIM. PeOpo rpada HasbiBa-
€TCSl MOCMOM, €CIIA €T0 yJaJeHue MPUBOJIUT K HecBsi3HOMY Tpady. Tak, mis rpada
Ha puc. 4.1 0 BepiMHa X4 SBIAETCSA TOYKOW COWICHEHHsS; a peopo (X4,Xg) - Mo-

ctoM. J{is atoro rpada 8(G)=1, A(G)=1. Takum oOpa3om, Yrciia BEPUIUHHON U Pe-
OepHOI CBA3HOCTH Tpada, COOTBETCTBYIONIETO ceTh DBM, oTpakaroT 4yBCTBUTEIb-
HOCTBh CETH K Pa3pyIICHUIO IICHTPOB U KaHAJIOB, @ MOCTaM M TOYKaM COUJICHCHHSI CO-
OTBETCTBYIOT HauOoOJee yA3BUMbIE MECTa.

4.2. lepeBbsi

CBs13HBIN alUKINYECKU Tpad, UMEIONI HE MEHEe JIBYX BEPIIHUH, Ha3bIBACTCS
oepesom. Opuenmupo8annvim 0epesom Ha3bIBaeTcs oprpad 06e3 IHUKIOB, B KOTOPOM
MMEEeTCS BEpIIHA Xo, U3 KOTOPOH CYIIECTBYET TOJBKO OJUH OPUEHTUPOBAHHBIA MYyTh
B JIIOOYIO0 Ipyryro BepmuHy. /Jepesom epagpa G Ha3bIBAaeTCSA THOO0W €T0 CBS3HBIN
aruknyaeckuii moarpad. Jlepeso rpada G, comepikaiiee Bce BEpITMHBI 3TOTO Tpada,
Ha3bIBaCTCS ocmosubvim Oepesom (ocmosom) T rpada G. [Ipu aTom pedpa 0CTOBHOTO
nepeBa T Ha3bIBalOTCSA gemesamu, a peopa rpada G, He mpuHAISKANTAE OCTOBY T -
xopdamu. K - 0epesom HaszpIBaeTCs alMKIMYeCKuid rpad, cocrosmmii u3 K xomro-
HeHT cBs3HocTu. Ha puc 4.4, a npeacrasinen rpad G, Ha puc. 4.4, 6 - 01HO U3 €ro
JIepeBbEB, Ha puc. 4.4, B, T - ABa octoBa 111 T, rpada G.

X2 X3 X2 X3 X2 X3 X2 X3

X1 X4 X X4 Xi X X X4

a 0 B r
Puc. 4.4. I'pad u ero nepeBbs
59



[Tycts G - nmpou3BoJIbHBIN I'pad ¢ N - BepmuHamMu, M - peOpamu U K KoMIIo-
HEHTaMU CBSA3HOCTU. Torja HauMeHblllee YUCIo pedep, KOTOpoe HeoOX0IUMO  yJia-
JUTh u3 Tpada, YTOOBI OH CTal AIMKINYECKHM (IepeBOoM), paBHO M-N+K. D10
YKCIIO Ha3bIBaeTCs yukiomamuueckum yuciom rpada G u o6o3navaercs v(G). Takum
oOpa3om, st mosyueHus octoBa u3 rpada G HyxHo ymamuth vV(G) pebdep. 13 ompe-
nenenust v(G) cnenyer, uro v(G)>0. I'pad He MMeeT MUKIOB TOT/a U TOJILKO TOTJA,
korna v(G)=0 m mMeeT eTUHCTBEHHBIN ITUKJI TOTAa M TOJBKO Toraa, korma v(G)=1.
OctoB nipousBoisibHOTO Tpada G compepxut N-K pedep. ITO YMCIO HA3BIBACTCS KOYUK-
nomamuyeckum yuciom rpada G u obosnavaerca v (G). v'(G)=m-v(G). Takum 06-
pa3’oM, KOLUKIOMaTHIecKoe 9uciao v (G) paBHO KOIMYECTBY BETBEH MPOU3BOILHOIO
octoBa 3Toro rpada, a ukiIoMaTHueckoe unucio vV(G) paBHO KOJIMYECTBY €ro XOp.
OctoB cBsi3Horo rpada (k=1) comepxut n-1 pedpo.

[Tycte T - ocroBHOe nepeBo rpada G. Luki, momydaemsbrid go0aBieHueM K
BETBSIM OCTOBHOTO JepeBa T kakoi-mubo xopnbl (pedpa rpada G, He mpuHamICekKa-
mero 1), Ha3pIBaeTCs @yHOamenmanvuvim (basucuvim) yuxiom tpada G oTHOCH-
TeIbHO ocTOBa T. Tak Kak B KaKI0M (PyHIaMEHTaILHOM IUKJIC TIPUCYTCTBYET TOJIb-
KO OJIHA XOpja, TO B JItoOOM rpade MoxHO BoIIeuTh V(G) hyHIaMEHTAIbHBIX IHK-
JIOB, TIPUYEM CaMU ATH LUKIJIBI ONMPEACISIIOTCS HEOJHO3HAYHO U 3aBUCAT OT BHI-
OpanHoro octoBa T. @yHJaMeHTaNbHbIE IIUKIBI OTHOCUTENIBHO ocToBa T1 (puc. 4.4,
B): X1X2X3XgX1, X1X2XgX1, X1XgXg5X1. PyHIAMEHTAIbHBIE LMKIBI OTHOCUTEIILHO
OCTOBa T2 (pI/IC. 4.4, F): X1X2X3Xg X1, X2X3Xg4X2, X1X2X3X4X5X].

Mampuyeu ¢ynoamenmanvroix yukios rpadga G OTHOCHTETHLHO OCTOBA |
Ha3bIBACTCSI MaTpuila F, CTpOKH KOTOpOH COOTBETCTBYIOT (DyHIAMEHTATBHBIM ITHK-
JaM, a CTOJIOIKI - pedpam (ayram) rpada G. DnemMeHTs MaTpullbl F onpenensroTcs
CICAYIOIIUM 00pa3oMm:

f. =

{ 1, ecriu j - € peOPO BXOAUT B 1 - ¥ LIMKJI,
i

0, B IpOTUBHOM CiIy4ae.
Takum o6pazom, marpumna F coctout u3 v(G) crpok u m cron6uos. [epex co-

CTaBJeHUEM MaTpuIlsl F HeoOxommMo mpoHymepoBaTh ayru rpada. Marpuma ¢yH-
JaMEHTAJBbHBIX HUKIOB Ipada G oTHOCUTENBHO OcToBa 11 (puc. 4.4, B) UMEET BUL:

(X1X2)  (X2X3) (X3X4) (X1Xg) (XoX4) (X1X5) (X4Xs)

- [ 1 1 1 1 0 0 0
1 0 0 1 1 0 0
0 0 0 1 0 1 1

Jlnst oprpada snemMeHTsl MaTpullbl F onpeaensitoTes ciaeayomuM 00pa3om:
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1, eciu j- s xyra BXOJMT B | - M ITUKJI U €€ OPUCHTALIVS COOTBETCTBY ST

OPHUEHTALIMH LIUKJIA,
-1, eciu |- s Ayra BXOJUT B 1 - 1 ITUKJI ¥ €€ OPUEHTAIUS HE COOTBETCTBYCT

OpHMEHTAINH ITUKJIA,
0, ecu |- 51 ;yra HE BXOJUT B | - F ITUKJL.

Ctpoku Matpuibl F Ha3bIBatoTCs yukauveckumu sekmopamu rpada G.

Onpenenenne uncen v(G), v'(G) u mocrpoenne (GyHIaMEHTAIBHBIX IUKIOB
rpadha UMeeT CymeCTBEHHOE 3HAueHHWE IMPH aHaju3e SJeKTphueckux mereld. Tak,
ukioMatndeckoe ynciao v(G) paBHO HAHMOOJBIIIEMY KOJUYECTBY HE3aBUCHMBIX KOH-
TypoB B rpade 2JIeKTPUUECKOU ILENU, TO €CTh HAHOOJBIIEMYy YUCITY HE3aBUCHUMBIX
KPYTOBBIX TOKOB, KOTOPbI€ MOTYT MPOTEKATh B LIETIH. DTU KPYrOBbIE TOKU COOTBET-
CTBYIOT (PyHJIaMEHTaJIbHBIM IUKJIaM Tpada snekTpuueckoi nenu. KorukiomaTuye-
ckoe uncno v (G) paBHO HaubONbIIEMY KOIMYECTBY HE3aBUCUMBIX Pa3HOCTEH II0-
TEHIMAJIOB MEXY Y3JIaMH dJICKTPUUECKOH IIETIH.

AJITOPUTMBI IOCTPOEHHA OCTOBHBIX AepeBbeB rpaga

JI71st mocTpoeHus MPOU3BOJIBHOTO OCTOBA CBSIZHOTO rpad)a MOTYT OBITh UCHOJIb-
30BaHBI JBE CTPATETUN: HOUCK 6 2IYOUHY N ROUCK 6 WLUDPUHY.

Ilouck 6 2nybuny HaAUMHAETCS C MPOU3BOJIBHON BEPIIMHBI Xo. 3aTEM BBIOMpAET-
Csl BEpIIMHA X1, CMEXHas C Xo. [lociie 3Toro BeiOMpaeTcst BepiinHa Xz, CMEKHas ¢ Xi,
¥ T.a. Eciu Ha K-M miare s BepIIMHBI Xk HOBBIX BEPIIMH HE CYIIECTBYET, OCY-
IIECTBIISIETCS. BO3BPAT K IMPEABIAYIIEH BEPIINHE W MOMCK OCYILECTBISETCS OT HEE.
[Ipouecc npomomkaeTcss 10 TeX HOp, MOKa He OyAyT MPOCMOTPEHBI BCE BEPIIUHBI
rpada. Ilouck 6 wupuny OTIUYAETCS OT MOMCKA B MIyOMHY TEM, UYTO BBIOOp ouepes-
HOW BEPUIMHBI MTPOUCXOIUT IMyTEM MPOCMOTpa HE OJHOMN, & BCEX CMEKHBIX BEPIIMH
U3 CIHCKA HOBBIX.

Ipumep. Jlan rpad G (puc.4.5). IToctpouts 0cTOB rpada MOMCKOM B TITyOUHY
Y TIONCKOM B IIMPHUHY.

g Xz Xy
Puc.4.5. ITpumep rpada aj1st TocTpoeHuUsi OCTOBOB
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Touck 6 enybuny. IlocnenoBaTenbHOCTb MPOXOKIACHHS U BEIOOPA BEPIIIHH

X1, X2, X3, X4, X5, X6, X7, Xg, X5, X4, Xg, Xo, HOCTpOGHHBIﬁ OCTOB IIPECACTABJICH Ha
puc.4.6, a.
Touck 6 wupumny. IlocneqoBaTEIBHOCTD MTPOXO0XKICHUS W BBIOOpA BEPIITHH:

X1, X2, X4, X9, X3, X5, X7, X8, X6, IOCTPOEHHBIN OCTOB IIpe/icCTaBjieH Ha puc.4.6, 0.

X2 X3 Xs X2 X3 Xs
X4 X4
Xy X6 Xy X4
X5 X3 X7 X5 X3 X3
a 0

Puc.4.6. OctoBsl rpada

AJITOPUTMBI MOCTPOEHHUA KPATYANIIEro 0CTOBa B3BelIEHHOr0 rpaga

[Ipy KOHCTPYKTOPCKOM M TONOJOTHYECKOM IpoeKTupoBaHuu POA u OBA, co-
3JIaHUM BBIYMCIIUTENBHBIX CETEH BaKHOE 3HAUCHHE UMEET 3aj[aua OIpeAeIICHUs KpaT-
yaiiiero ocroBa (0CTOBa MUHMMAJIBHOTO Beca) B3BelIeHHOro rpada. Kpamuatiwum
ocmoseom B3BelleHHOTO rpada G Oynem Ha3bIBaTh OCTOB, y KOTOPOTO CyMMa BECOB
BCceX peOep HauMEHBbIIas.

PaccmoTpum nBa Hanbosiee pacpoCTpaHEHHBIX AJITOPUTMA TTOCTPOEHUST KpaT-
YaiIero ocToBa CBsI3HOTO B3BeleHHOro rpada G - ancopummer Kpackana u llpuma.
Aneopumm Kpackana 3aknrodaercst B cienyromeM. Ha HagaibHOM 3Tarie U3 Bcex pe-
Oep rpada G BbIOupaeTcsa peOpo Uq MUHUMAIBHOIO Beca M BKJIIOUaeTcs B ocToB. Ha

KaXJIOM TIOCJICIYIOIIEM I-M IIIare U3 elie He BKIIOUYEHHBIX B OCTOB pedep BhIOMpacT-
csl pedpo, UMEIOIIee MUHUMAJBHBIN BEC M HE COCTABIISIONIEE IIUKJIOB C YKe BHIOpaH-
HeIMH peOpamu. [Tporiecc mpogomkaeTcess 10 TeX Mop, MoKa B OCTOB HE OYJEeT BKITO-
yeHo N-1 pebpo. Takum oOpa3zoMm, Ha KaxaoM dTare padoThl anroputma Kpackana
OCYIIECTBJISIETCSI TOCTPOEHUE alMKIImdeckoro noarpada rpada G.

B kauectBe wmimoctpanuu pabotsl anroputma Kpackama paccMOTpuM B3Be-
IICHHBIH rpad, mpeacTaBiIeH b Ha puc. 4.7, a). CHavyana BeIOMpaeM pedpo (X3, X4)

MHUHUMAJIBHOTO Beca M mojaraeM U = (X3, X4) . Hanee u3 ocraBmmxcs pedep BeIOH-
paem pebpo (X1, Xp) u nmomaraeMm Ug = (X1, X2). AHanoru4yao Uz = (X2, Xy4). Cpean
OCTaBIIHMXCS pedep MUHUMAIIBHBIN Bec UMeeT pedpo (X1, X3) . OHO HEe MPUTOAHO IS
MOCTPOCHUS, TaK KaK COCTABJISICT LUK C YK€ BbIOpaHHbIMU peOpamu. [losTomy
Usg =(X2,Xs5), Ug = (X5, Xg) . Kparuaiimmii octoB npexcrasiex Ha puc. 4.7, 0.
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X1 5 X2 X1 X2

10
Xs X5
8 4 6
5
! 12
X3 3 X4 20 xg X3 X4 Xs
a 0

Puc. 4.7. I'pad u ero kpargaitmmii 0CTOB

Aneopumm Ilpuma otnuuaerca ot anroputma Kpackana TOJIBKO TeMm, YTO B
Ipoliecce MOCTPOCHUS CBS3HOCTH MOCTPOCHHOTO (PparMeHTa OCTOBHOTO JIepeBa HE
JoJbKHA Hapymatkes. [Ipu 3Tom ecnu gepeBo T yke MOCTPOEHO, TO HOBOE pedpo
BBIOMpAETCS] HE U3 BCceX ocTaBmmxcs pedep rpada G, a TOIbKO U3 TeX, KOTOPBIE CO-
eIMHSIOT BEPIIMHBI IepeBa [ ¢ BepLIMHAMHU, HE BKIIOUeHHBIMU B T;. U3 aTux pedep
BBIOMpAeTCsl peOpO0 MUHUMAJIBHOTO Beca. IIpu 3TOM HEOOXOOMMO CIENUTh 3a TEM,
4yTOOBI MPHU J0OABJIECHUU HOBOTO peOpa He MOSABISIMCh UKL, Hanpumep, 11 rpada
Ha puc. 4.7, a Uy =(X3,X4). Cinenytomee peOpo MUHMMAJIBHOTO Beca BHIOMpaeTcs

cpenu pebep (Xy,X3), (X1, X4), (X2,X4), (X4,Xs5), (X4,Xg) . omyuaem Uy = (X2,X4).
AnanornuHo Uz = (X1,X2),Ug = (X2,X5), Ug = (X5,Xg).

Paccmotpum emé onnH npumep. C vcnosib30BaHuEM anroputMoB Kpackana u
[Ipuma nocTpouM KpaTyaiiimii ocToB rpada, mpeACTaBICHHOTO Ha puc. 4.8.

Pemienne. IlocTtpouM KpaTyalliuii OCTOB C HCHOJB30BAHUEM al20pUmma
Kpackana.

Ha nepBom mare BeiOMpaeM peOpo, UMerollee MUHUMAIbHBIN BEC. ITO pedpo
(Xe,X7) ¢ Becom 3. 3aTeM M3 OocCTaBIIMXCS pEOEp BBIOMpaeM | J00ABISIEM K OCTOBY
pebpo ¢ HAaMMEHBIIIUM BECOM — 3TO pedpo (X1,X2) ¢ BecoM 5. 3aTeM BeIOMpaeM pedpo
(X3,X4) ¢ BecoM 7, (X1,X3) ¢ Becom 8. Jlanee crmeayroT aBa pedpa ¢ Becom 9. Pebpo
(X2,X3) MBI BBIOpATh HE MOXEM, TaK Kak ero 100aBjeHHE K MOCTPOCHHBIM pEOpaM 00-
pasyet muki. [loaToMy paccmarpuBaem ciemytroiiee pedpo (Xs,Xs) ¢ Becom 9. OHO
BKJIFOUAETCS] B OCTOB. 3aTE€M paccMaTpUBaeTcCs cieayrolee 1mno secy pedpo u 1.1. [o-
CTpOEHHE 3aKaHYMBAETCs, KOI/1a OCTOB OyAeT coaepkathb N -1 pedpo.
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Puc. 4.8. [Ipumep rpada ass nocTpoeHus: KpaTyaiiiero ocroBa

[TocnenoBaTenbHOCTH BbIOOpa pEOEp MpeACTaBiieHa B TaOJIUIIE.

[ar Pebpo Bec
1 Xg,X7 3

2 X1,X2 5

3 X3,X4 7

4 X1,X3 8

5 X3,X6 9

6 X11,X13 10
7 X6,X9 11
8 X6,X10 12
9 X3,X11 13
10 Xg,Xg 14
11 X12,X13 15
12 X4,X5 18
CyMMapHBbIii Bec 125

KpaTyaimii 0CTOB UMEET CIAEAYIOIIMNN BUA:

Xs
].8 X7
3
Xs Xsg
11
12 14
X10 X9




Tenepp paccMOTpUM MOCTPOEHUE OCTOBA C HCIOIB30BAHUEM al20pUMMA
Ilpuma. Ha nepBomM mare BeIOMpaeM pedpo, MMeroIee MUHUMAIBHBIN Bec. ITO pel-
po (Xe,X7) ¢ Becom 3. Cnenyroniee pedpo Mbl MOKEM BBIOpaTh TOJIBKO U3 TeX pEdep,
KOTOPBIE CMEXKHBI ¢ pEOpoM (Xg,X7). PeOpo (X1,X2) € BECOM 5 MBI BEIOpaTh HE MOXKEM,
TaKk KaKk OHO HE CMEXHO C pedbpoM (Xs,X7). I3 Bcex pébep, CMEXHBIX ¢ peOpom
(X6,X7), HAMMEHBIINI Bec nMeeT pedpo (X3,Xs) (Bec paBeH 9). Bkiroyaem ero B 0CTOB.
3arem paccMarpuBaeM pédpa, cMekHbIE ¢ pEOpamu (Xe,X7) U (X3,Xs), BKIIOUEHHBIMU B
ocToB. D10 pebpo (X3,Xs) ¢ Becom 7. Crmemyromee pedpo (X1,X3) ¢ BecoM 8. 3arem
(X1,X2) ¢ BecoMm 5. PeOpo (X2,X3) MBI BBIOpaTh HE MOXKEM, TaK KaK €ro JI00aBJICHUE K
MOCTPOCHHBIM p&Opam obOpazyer nuki. [locmegoBarenbHOCTh noOaBieHus pédep
npecTaBiIeHa B TaOIuUIIE.

[ar Pebpo Bec
1 X6,X7 3

2 X3,X6 9

3 X3,X4 7

4 X1,X3 8

5 X1,X2 5

6 X6,X9 11
7 X6,X10 12
8 X3,X11 13
9 X11,X13 10
10 Xg,X9 14
11 X12,X13 15
12 X4,X5 18
CyMMapHsbIii BeC 125

MOXHO 3aMETUTh, YTO OCTOBHBIE JIEPEBbs, MOCTPOECHHBIE IO AITOPUTMAM
Kpackana u [lpuma, oqunakoBsl. Eciiu B rpade ecTh HECKKOIBKO pEOEp ¢ OJMHAKO-
BBIM BECOM, TO JIEPEBBSI MOTYT MOJYYUTHCA pPa3HbIe, OJTHAKO UX CYMMAapHBI Bec Oy-
JI€T PABHBIM.

4.3. DilsiepoBbI U TAMWJIBTOHOBBI rpagdbl

[uxn (tenps) B rpadge G Ha3bIBaCTCS di1eposvim (IIEPOBOIA), eclii OH (OHA)
POXOAHUT MO OJTHOMY pasy uepe3 Kaxmoe pedpo atoro rpada. Csa3HbIN rpad Ha3bI-
BAETCS JULIEPOBbIM, €CIIN OH CONEPIKUT SMIEPOB LUK, U NOYIULEPOBGLIM, €CIIA B HEM
CYILIECTBYET HE3aMKHyTasi 3iliiepoBa 1enb. CoriacHo meopeme Junepa, CBA3HBII
rpad sBISETCS AHICPOBBIM, TOTJIA M TOJILKO TOT/A, KOT/Ia CTENEHU BCEX €r0 BEPIINUH
4yeTHBI. ECM 4ncio BepIIMH HEYETHOW CTETCHU B CBSI3HOM rpade paBHO 2, TO JaH-
HBI Tpad) COMEPKUT dSUIEPOBY I1enb. [Ipu 3TOM BEpIIMHBI HEYETHOW CTETICHU SIBJIS-
I0TCSI HaYaJIbHOW U KOHEYHOW BepimHamu 1ienu. Ha puc. 4.9, a, 6 u3o0paxeHs 1mo-
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TysinepoB U 3unepoB rpadel. [lopsnok o0xona 3Tux rpadoB MoKa3aH CTPEIKaAMH C
HOMEpaMH COOTBETCTBYIOIIUX IIaroB (JIBIDKCHHE HAYMHACTCS U3 BEPIIUHBI X1).

X1 1 — X2 Xs — 6 Xs

all \8 2/ I 10 7] N I's

3 N2
9, 4,
X3 3/ X4 X3 X2
X3 8\ X1 /1/'
5\ /s
X6
a 0

Puc. 4.9. Ilpumep nomysitneposa u sitiepoBa rpados

[IpuMepoM IPUKIIATHOTO 3HAUYCHUS HAXOXKICHUS dHjIepoBa 1UKIa B rpade siB-
JseTcs 3ajada BbIOOpa PALMOHAIBHOTO MaplIpyTa HCIOJIHUTENIBHOIO YCTPOWCTBA
TEXHOJIOTUYECKUX M YEPTEKHBIX aBTOMATOB (Takux, kak cranku ¢ YIIY, koopauna-
torpadnl, rpadONOCTPOUTENH), PEIICHHE KOTOPOM MO3BOJSET HAXOAUTh MYTH JBHU-
KEHUSI THCTPYMEHTA 0€3 X0JIOCThIX XO/0B.

Jlyist mocTpoeHust diiyiepoBa IUKJIa MOKET OBITh MCIIONB30BaH aieopumm Die-
pu. HeoO0xoauMo HauyWHATH MOCTPOCHHUE IUKJIA C HEKOTOPOUM MPOU3BOJIBHOW BeEp-
mMUHBI Tpada U KaKIbI pa3 BBIYEPKUBATH IpoineHHoe pedbpo. [lo mocty MOkHO
IPOXOAUTH TOJIBKO B CJydae, KOrjga HET APYTUX BO3MOXKHOCTEWH. AJTOPUTM MOMKET
OBITH MPUMEHUM KaK K OpPUEHTUPOBAHHBIM, TaK M K HEOPUEHTHPOBAHHBIM rpadam.

[ukin (uens) B rpade G HA3BIBACTCS camuibmoH06bIM (TAMUATLTOHOBO), €CITU
OH (OHA) MPOXOJUT Yepe3 KaxAYyI0 BepiuHy rpada poBHO ojauH pa3. ['pap G HazbI-
BaeTCs TAMHUJILTOHOBBIM, €CJIM OH COACPKUT raMuIbTOHOB UK (puc. 4.10).

X1 _— X2

/ \

\ /

X5

X4

Puc. 4.10. IIpumep rammnbpToHOBa Tpada
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B oTiamume oT 3HIEpOBBIX IUKIOB, JUIsl TaMWIbTOHOBBIX IIUKJIOB HEU3BECTEH
o0 kputepuil cymiectBoBanus. OUEBUAHBIMUA YCJIOBHUSIMHU CYILIECTBOBAHUS Ta-
MUJIBTOHOBA IIMKJIA B Tpade SBISETCS CBSA3HOCTb 3TOro rpada U OTCYTCTBHUE B HEM
Touek couwieHeHus. [lonubiil rpad Bceraa uMeeT raMuIbTOHOB IIUKII.

AJITOPUTM NOCTPOEHMS TAMHJIbTOHOBBIX HMKJIOB B rpade

K naunbosnee pacnpocTpaHeHHBIM METOJIaM MOCTPOCHUSI TaMUJIbTOHOBBIX ITUK-
J0B B rpade MOkHO oTHecTH MeTo] PobGeptca u dnopeca.

Metoa Podeprca u ®diaopeca nocTpoeHrss TaMUIBTOHOBA IUKJIA 3aKIFOYAETCS
B CIEAYIOIIEM.

1. Crpoutcs matpuna M ¢ 35€eMEHTaMu Mij, YUCIO CTPOK B KOTOPOU PaBHO
MaKCHUMAaJIbHOW CTENEHU BEPIINH rpada, Yuciio CTOJIOIOB paBHO KOJUYECTBY BEPILINH
N. DieMeHT Mjj - i-51 BepirHa, (HapuMep Xx) CMEXHasi ¢ BEpIIUHOH Xj. BepiuHb! B
cTosibax Matpuilbl M ymopsiiodeHsi.

2. p = X1, TA€ X1 - HavaybHas BepiirHa. S={X1}, r1e S - MHOKECTBO BEPIIUH
CTPOSIIIETOCS TaMUJIBTOHOBA ITUKJIA.

3. Ecnu B cronbue matpuiibl M, cCOOTBETCTBYIOIIIEM BEpIIUHE [, CYLIECTBYET
BO3MOXHAasi BepIIMHA ( MO/ BO3MOXHOM MOHUMAETCS BEpIIMHA, €II€ HEe MpUHAJIe-
xKaras S), To Iepexo/ K mary 4 , eclid HeT, TO TIepexo/] K mary 7.

4. B cronbiie, COOTBETCTBYIOIIEM BEPIIMHE [), BRIOUpAETCS TIepBasi BO3MOKHAs
BEpIIMHA X; ATa BEPIIUHA MPUCOCTUHSICTCS K MHOXKECTBY S B P = Xk.

5. Ecau MoOmIHOCT, MHOXKECTBa S paBHa |S| = N, To HaiiJieHa raMHJIBTOHOBA
1IeIb, MepeXxo I K mary 6, a eciu |S| < n, To nepexoj K mmary 3.

6. Ecnu cymecTByeT qyra uiau peopo (P, Xi), TO HaiJIeH TaMUIbLTOHOB LIMKJI.
Ecnu Hamo HaTM BCe raMUIIbTOHOBBI LIUKJIBI, TO MEPEXO] K IIary 7; MHa4Ye OCTaHOB
aNropuT™Ma.

7. BosBpamenne. 3 MHOXecTBa S ynansieTcsi MOCIEIHSS BKIIOYEHHAS Bep-
mmHa X,. Eciim pu aToM S = J (MHOECTBO S IycTOE), TO CIIEIyeT OCTAaHOBKA aJIro-
pUTMa, T.€. BCE LIEMH U ITUKJIBI HAWIEHBI (WJIN HET).

Ecim S#J, To P = X1, rae (r-1) - HoMep BepUIUHBI, BKIFOYCHHON B ra-
MUJIBTOHOB LIMKJI.

8. Ecniu B cTONOIIE P CYIIECTBYIOT BO3MOKHBIE BEPILMHEI, T.€. BEPILIUHBI, Clie-
yIoLIMe 3a Xy, TO mepexo/l k mary 4. B mpoTUBHOM ciydae X = Xr.1 ¥ IEPEX0]I K IlIa-
ry 7.

Ipumep. /g rpada G, uzodpaxenHoro Ha puc.4.11, mocTpouts Bce raMuiib-
TOHOBBI 1IETIN U IIHKJIBI.
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Puc.4.11. I'pad nys wutroctpaiuu anroputma Podeprca u diopeca

Martpunia M npuBOIUTCS HUXKE, BEPIIMHBI B KaXKJIOM CTOJIOIEC PaCIiOIOKEHBI B
an(paBUTHOM TOPSIKE:

m
o
]
L
(a1}
Hn

o "
1l ¢ a c c a
M=2 - e d  d b
3l - - - - - ¢

R -

[Touck BcCeX TaMHJIBTOHOBBIX LHMKJIOB MPOU3BOAMUTCS CIEAYIOIIUM 00pa3zom
(BepIMHA & BHIOMPAETCS B KAYECTBE HAYaJIbHOM BEPILMHBI):

[Ilar | MuoxecTBO | Kommenmapuu
S

1 a JloOGaBinisieM TEpBYI0 BO3MOXKHYIO BEpIIMHY B CTOJIOIE @ (TO
ecTh BepiuHy b)

2 a, b JloGaBiisieM TEpBYIO BO3MOXKHYIO BepIIMHY B cTonbOie b (To
€CTh BEPIIUHY C)

3 a, b, c IlepBast BepmmHa (8) B CTOJIOLIE C HE SIBISETCS BO3MOXHOM
(ae$S), nobarisgeM cleayIoONIyl0 BEpUIMHY B cTONOIE (TO €CTh
BepiHy d)

4 a, b, cd Jlo6aBisiem BepimHy f

5 a,b,cdf B cron6iie f HeT Bo3MOKHOM BepIiHbI. Bo3Bpaienue

6 a,b,cd B cron6ie d He cymiecTByeT BO3MOKHOM BEPIIHMHBI , CICIYIO-
e 3a f. BosBpaiiieHue

7 a, b, c AHajnorn4yHo mnpeasiayueMy. Bo3spalienue.

8 a, b JloOaBJisieM BepIInHY €

9 a, b, e JloGaBiisieM BepIinHY C
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10 a, b, ec JloGasssiem BepiinHy d

11 a,b,ecd JloGasssiem Bepiuny f

12 a,b,e c d f | FamuieroHoB 1wk, 3ameikaromuiics ayroi(f, a). Bosspaiie-
HUE

13 a,b,ec,d Bosparnienue

14 a,b,ec Bosparnienue

15 a, b, e JloGassiem BepiuHy d

16 a, b ed JloGasssiem Bepiuny f

17 a,bedf JloGaBJisieM BepIIMHY C

18 a,b,e d, f, c | FaMWIbTOHOB IMKJ, 3aMBIKaOIIKICA ayroi (C, a). Bo3spaie-
HHE

19 a, b, ed,f Bospparnienue

20 a, b, ed Bospparnienue

21 a, b, e Bo3sspaienne

22 a, b Bo3sspaienne

23 a BosBparienue

24 %) Kownern nmorcka

3anava onpezesieHus raMUIbTOHOBA LIMKIIA B rpade UMEeT BaKHOE MpaKTUie-
ckoe 3HaueHue. K Hell cBoasATCs, HanpuMep, 3aa4l OTBICKAHUS MOHTAXKHBIX LIETIEH,
ONpENEICHUS] ONTUMAIBHOIO MapuIpyTa JUIsl HCIIOJIHUTEIBHOIO yCTPOMCTBA aBTO-
MaTOB IPOBOJHOIO MOHTa)ka. C IOHATHEM TI'aMWJIBTOHOBBIX I[MKJIOB TECHO CBS3aHA
TaK Ha3blBaeMas 3a/ada KOMMuUgosaxicepa: B B3BelIEHHOM rpade G ompenenuTs ra-
MUJIBTOHOB IIUKJI MUHHUMAJIbHON JJIMHBI (MHBIMH CIIOBAaMH, KOMMHBOSIKED JTOJKEH
COBEPILUTH MOE3JKY MO FOPOJAAM U BEPHYTHCS 00paTHO, MOOBIBAB B KaXKJIOM T'OpPOJIE
POBHO OJIMH Pa3 W MPH 3TOM CTOMMOCTb TAaKOW MOE3/AKU JIOJKHA ObITh MUHUMAalb-
Hoi1). K 3amaue KOMMHBOSDKEpa CBOJUTCA OOJBIIOE KOJIMYECTBO BAXKHBIX MPUKJIIAL-
HBIX 3aJa4: 337a4d ONTUMAJIbHON MaplIpyTH3aLUU, IPOCKTUPOBAHUS paclpe/eeH-
HBIX CUCTEM (BBIYUCIUTENBHBIX, FJEKTPUUECKUX, TPAHCIIOPTHBIX CETEW M Tak Jaajee),
COCTABJICHHSI PACIIMCAHUs BBIMOJHEHUS ONepaluil Ha MalllMHaX ¢ MUHUMYMOM Tepe-
KJIAJ0K U T. 1.

4.4. Packpacku rpagda

Bepwunnoti v - packpackotl epagha Ha3pIBaeTCs MPUCBOCHHUE €TI0 BEPIIMHAM [
Pa3IMYHBIX IBETOB. ECIIM MpH 3TOM HHUKaKHE JBE CMEKHBIC BEPIITMHBI HE OKpalllhBa-
IOTCSl OJIHUM IIBETOM, pacKpacka Ha3bIBaeTCs npasuiibHol. Takum oOpazom, Mpa-
BUJIbHAS I - packpacka rpada — 3To pa3dneHrne MHOXKECTBa ero BepiuH X Ha I Here-
peceKaromuxcs MOAMHOKECTB Xj...X,, TAKHX, YTO BHYTPU KaXJ0T0 HOAMHOKECTBA

HE COJEPKUTCSA CMEXHBIX BeplluH. [logmMHoXecTBa Xj...X, Ha3bIBaOTCA YGemHbIMU
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knaccamu. TlpaBuiibHAs packpacka rpada ¢ UCIOJb30BaHHEM MHUHUMAIBHOTO KOJIH-
YecTBa I[BETOB HA3BIBACTCS MUHUMALbHOU. YUCIIO IBETOB, MCIIOJIBb3YyEeMbIX TPU MHU-
HUMAaJIbHOH packpacke rpada, HassIBaeTcs xpomamuyeckum yuciom epaga Y (G).

Ha puc. 4.11, a mpuBeaeHa npaBuibHas 3-packpacka rpada, Ha puc. 4.12, 6
€ro MUHHMaJIbHAs packpacka. XpoMmarudeckoe uucio y(G)=2.

1 3 2 1
2 3 2 2 1 7
1 2 1 ! 2 !
3 2 1 5

a 0

Puc. 4.12. TlpaBunibHast 3-packpacka rpada u ero MUHUMAaIbHas packpacka

Ha npakTrike 4acTo MCHOJIb3YIOTCS MPUOIMKEHHBIE IBPUCTUUYECKUE AJTOPHUT-
MBI packpacku rpada.

IBPUCTUYECKHH AJITOPUTM PacCKpacCKu rpada

DBpPUCTUYECKHUIA aNTOPUTM packpacku rpada G maet mpuOIMKEHHYIO OLICHKY
XxpoMatuyeckoro yucia. CHayana COCTaBIsI€TCS CHMCOK BepIIMH rpada, ynopsiao-
YEHHBI M0 yObIBaHUIO UX cTeneHel. IlepBas BepmnHa okpammBaercs B UBET | u
yaajserca U3 cnucka. /lanee cnmcok MmpocMarpuBaeTcs, B UBET | OKpalMBaroTCs U
YIAJISI0TCS U3 HErO BCE BEPIIMHBI, HE CMEXHBIE C NEPBOM BHIOPAHHOW U MEXIY CO-
Ooit. [lanee U3 OCTaBIIMXCS BEPUIMH CIUCKa BBIOMpAETCs MepBasi, OKpaIIUBaeTCs B
nBet 2 u yaansercs. Ilponecc npoposmkaercs 40 TeX MOp, MOKa He OyIyT OKpaIleHbl
Bce BepluHbL. [Ipyu 3TOM npubIMKEHHOE 3HAYEHHE XPOMAaTHYECKOro uucia Oyner
paBHO KOJMYECTBY MCIIOJIB3YyEMbIX MPH padboTe anropuTMma 1BeToB. [Ipumep paboTsl
JAHHOT'O AJITOPUTMA PACCMOTPEH B IJIABE 5.

AHAJIOTUYHO BEPIIMHHOMN -pacKkpacke omnpeaessieTcs u pebepras K-packpacka
rpada. MunumansHoe yncio K, mpu kotopom rpad ssisercs pedepro K - packpamu-
BaeMbIM (TO €CTh JOIMYCKAIOIIMM TaKyl0 pacKpacKy, MpuU KOTOPOMl CMEXHbIE pedpa
UMEIOT pa3HbIe 1IBETA), Ha3bIBACTCS Xpomamuyeckum unoexcom rpada G.

3amaun packpacku rpada UMEIOT UPOKUI KPYT MPAKTHUYECKUX MPUIOKEHUH.
K 3amauaM mpaBUIIBHON pacKpacku CBOJATCS 3a/layd COCTaBJIEHUS pacnucaHuil ( ¢
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OTpaHWYCHHEM Ha OJHOBPEMEHHOE BBITIOJIHEHHE pPaboT), 3aaud pacrpeneiieHus
obopynoBanusi ( ¢ OrpaHMYECHHEM Ha €ro OJHOBPEMEHHOE WCIIOIh30BAHHE HAa HE-
CKOJIbKUX paboTax), cocTaBiieHUs] TpaukoB ocMoTpa (MPOBEPKH) 0OOPYIOBAHUS C
y4ETOM OTPaHMYCHUH Ha COBMECTUMOCTH OCMOTPOB M T J. XapaKTEpHON 0COOEHHO-
CTHIO 3a7la4 PACKpPACKU SIBIISICTCS CYIIECTBOBAHHUE OOBEKTOB, KOTOPHIE MO KaKHM-
7100 MPUIMHAM HE MOTYT OBITh OOBEAMHEHBI B OJJHY TPYIIITY.

4.5. OnpenesieHue KpaT4ailluux MyTeid 1 MAPWIPYTOB B rpage

OnHoOl M3 BaXHEHIIMX 3a/ad TEOpUHU rpadoB SABISETCS 3a7ada ONpeaesieHUs
KpaTuaiiliero myTd BO B3BeLIEHHOM rpade. I'pad HasbiBaeTcs 636eutennvim, €Ciu
Kax oMy ero pebpy (ayre) (Xj,Xj) CTaBUTCSA B COOTBETCTBHE YHCIIOBAs XapAKTCPH-

cruka W(Xj, Xj), HasbiBaeMast 6ecom. PUNIECKUH CMBICI 9TON XapaKTEPUCTHKH 3a-

BHCHUT OT OCOOCHHOCTEH peraeMoit 3agaun. Hanpumep, eciu rpad siBiseTcss MoJe-
JIbIO TPAHCIIOPTHOM CETH, TO BE€Ca MOTYT XapaKTEPU30BaTh PACCTOSHUS MEXKIY Hace-
NEHHBIMU MMYHKTAMH WJIM CTOMMOCTH MEPEBO3KHU Ipy3a MKy HUMH. B undopmaru-
OHHO-TEJICKOMMYHUKAIIUOHHBIX CETSAX BECAa MOTYT XapaKTEPU30BATh CKOPOCTh MEpe-
Jayu JTaHHBIX. 3aJa4d MapLIpyTU3alUU UMEIOT OYECHb BAXKHOE 3HAUYECHHUE B pa3iiny-
HBIX MIPEIMETHBIX 00IaCTsIX.

Aaroputm el KCTpbl onpeaeTeHus KpaT4yaniiero myTH Mexay AByMs
(puKcMpOBaHHBIMM BEepPLIMHAMU

Anroputm JIeWKCTphl — QJITOPUTM MOUCKA KPAaTYAWILEro IyTH BO B3BELICH-
HOM Tpade MeXIy AByMs 3alaHHbIMU BepimHamu S u t. Ilpu 3TOM Beca JOKHBI
OBITh HEOTPHIIATEIIEHBI.

Ha xaxmoil utepanuu anroputMa Kaxaas BeplIMHA X; rpada UMEEeT METKY
[(Xi). DTa MeTKka paBHa TEKyIIEeH JUIMHE KPATYAUIIETO IMMyTH OT HAYaJIbHON BEPIIMHBI S
710 BEpPIIUHBI Xj. MeTka MOXeT ObITh MMOCTOSIHHOM U BpeMEHHOU. BpeMeHHbIe METKH B
nporiecce padoThl AITOPUTMA MOTYT YMEHBIIATHCS, TOCTOSTHHBIE HE H3MEHSIOTCS.

Kpome I(Xi), ¢ Bepmmramu rpada cBs3biBaeTcs emie omHa metka Q(Xi). Ha
kax ol ureparuu Q(X;) ABISETCS HOMEPOM BEPIIHMHBI, PEANISCTBYIOMICH X; B KparT-
qaidmem (S, Xi)-TyTH.

[Tocie Toro, Kak MOCIEIHsS BeplMHa t MOTy4nia MOCTOSHHYI METKY, C TO-
MolIpio MeToK Q(X) JIerko yka3aTh MOCIIEAOBATEIILHOCTh BEPIIMH, COCTABIISIFOIINX
KpaTyaitimmii (S,t)-myTh:

(s..., Q()..., Q(Q(H)), Q(t).1),
Q"'()= Q(Q(..Q(1)) (n pa3).
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OcHoOBHBIE IATH ajropurma:

1. ITosmoxkuth (S)=0 u canrath 3TY MeTKY OCTOSIHHOM. [Tomoxkuth 1(X)= < ms
BCEX Xj# S, W CUMTATh 3TH METKH BPEeMCHHBIMH. [100XHUTH P = S.

2. OGHoBieHHE MOMETOK. [l Bcex BepmIMH Xij ¢ BPEMEHHBIMH METKaMH,
CMEKHBIX C BEPIIUHOM ), K3MEHHUTH IIOMETKH B COOTBETCTBHH C IIPABHIIOM:

|(xi))=min { 1(xi); 1(p) +w(p, xi) }-

Ecimu npu sTom metka I(Xi) ymeHbImiacey, mpucBouTh MeTky Q(Xi) = p (3armo-
MHHAEM BEpIIHMHY, KOTOpas B KpaTdyaiiieM MmyTh OyJIeT MPEeIIIecTBOBATh BEPIIMHE
Xi).

3. Ecimu I(Xj)= ~ nams BceX BepUIMH Xj IOMETKH KOTOPBIX BPEMEHHEIE, TO B UC-
XOJHOM Tpade OTCYTCTBYIOT ITyTH U3 BEPIUIMHBI S B BEPUIMHBI C BPEMEHHBIMU METKa-
mu. OCTaHOB anroput™Ma. B MpoTUBHOM cilyyae rnepexo K mary 4.

4. IlpeBpatieHre TOMETOK B MOCTOsIHHBIE. Cpenu BceX BEPIIMH C BPEeMEHHbI-
MU METKAMHU HAWTH TaKylo BEPUIMHY X; , it koTopoit I(Xi") = minl(X;) (MeTka Munu-
MalbHas) M CYMTATh 3Ty IOMETKY MOCTOSHHOM. [lomoxuts p=X;. Ilomerky Q(X;")
TaKXe CYMTATh TIOCTOSHHOM.

5. Ecmu p # t, mepeiiti k mary 2, a ecau p = t, o I(p) - mmuHa kparyaiiiero
nyTtd u3 S B 1.

[Tocne ompeneneHust AIUHBI KpaTyalIero MyTd caM KpaT4yallliuid MmyTh BOC-
CTaHABJIMBACTCS 0 MOCTOSHHBIM MeTkaM Q(X;) Tak, Kak ObLJIO YKa3aHO BBIIIIC.

IIpumep. /{ns B3BemeHHOro oprpada HailTH KpaTyaillivii TyTh U3 BEPILIUHBI S
B BepluuHY t.

b

4
e

L
C 2 d

1. [lomeyaem B COOTBETCTBHUH C aJITOPUTMOM BEPILIUHBI T'pada:

I(s) = 0 . MeTku ocTaJIbHBIX BEPIIMH PaBHBI . BeplinHe S MPUIHUCHIBAEM TIO-
CTOSIHHYIO IIOMETKY, T.€. P = S.

B nanpHelem npu pereHnu moCTOsSHHbIE METKU OyJ1eM MOA4YEPKUBATh.

2. V3 BepiIUHbBI S IOMEYAEM BEPUIUHBI, CMEXKHBIE C HEH:
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(@) = min {=, 0+ 4} =4,

I(b) =min {», 0+ 7}=7,

I(c) =min {=, 0+ 3}=3,

I(d) = =,

I(t) = .

(Tak xak BepmwHbI d U t, HE CMEXHBI C BEPIIMHOM S, TO MX METKU HE H3MCHST-
cs. [lepenucpiBaeM UX C IPEABIYIIETO 1Iara).

VY BepmwH @, b, ¥ ¢ YMCHBUIMINCH TOMETKH, CJIEJOBATCIBHO 3allOMUHAEM
npexiecTByromlyto Bepmuay: Q(a) =s, Q(b) =s, Q(c) =s.

MuHHMaTbHYIO METKY UMeeT BepmuHa C. CriegoBatensHo, e€ meTka I(C) cra-
HOBHTCS TocTossHHOM. [TomeTka Q(C)=S TakKe CTAaHOBHTCS MOCTOSHHOM. (3TH METKHU
MOAYEPKHYTHI).

O6o3Hauum p = €. U Ha crexyromieM mare OyjeM momedaTh BEPIIMHBI U3
BEPILUHEI C.

Tak KaKk MOCTOSIHHBIC METKH YK€ HE M3MCHSATCS JI0 KOHIIAa pabOThl alrOpUTMA,
IpH TIepeX0/ie Ha CIACTYIONIUI MIar MOYKHO UX HE MEePENUChIBATS.

3. V3 BepIMHbI C TOMEYaeM OCTaJIbHbIC BEPIIUHBI:

(@) =min {4, 3+ ~}=4,

I(b) =min {7, 3+ ~}=7,

I(d) = min {~, 3+ 3} =6,

I(t) = .

VY BepumHbl 0 yMeHbIIUIACH TIOMETKA, ciaenoBareiabio Q(d) = cC.

BepiuHe a npunuchiBaeM MOCTOSHHYIO MTOMETKY, T.€. P = a. ITomeTtka Q(a)=s
CTaHOBUTCS TTOCTOSIHHOM.

4. VI3 BepILIMHBI 2 TOMEYAEM OCTaJIbHbIC BEPIINHBI:

I(b)=min {7, 4+4}=17,

I(d) =min {6, 4 + 3} =6,

I(t) = .

BepmmHe d mpumnuceiBaeM NOCTOSTHHYIO TIOMETKY, T.¢. P = d.. [Tomerka Q(d)=c
CTAHOBUTCS ITOCTOSIHHOM.

5. 13 BepimHbl 0 moMedaeM OCTaIbHbIE BEPITHHBIL:

I(b) =min{7, 6 +<}=7,

I(t) = min {~, 6+2}=28,

VY BepiimHbI { yMEHBIIHIACH TOMETKA, ciiegoBatenbHo Q(t) =d.

Bepmune b npunuceiBaem moctosiHHyI0 momertky, T.e. p=b. [Tomerka Q(b)=s
CTaHOBUTCS ITOCTOSIHHOM.
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6. 13 BepimHbl b momedaem Bepiiuny t:
I(t) = min {8, 7 + 2} = 8.
Metku I(t) 1 Q(t)=d cTaHOBSITCS MOCTOSHHBIMH.

7. BoccTanaBiMBaeM 10 MTOCTOSTHHBIM MeTKaM Q KpaTyaliiuii myTh 13 S B 1
[1yTh BOCCTaHABIMBAETCS U3 KOHEUHON BEPIIUHBI { B HAUAIBHYIO:

Q(t)=d; Q(d)=c; Q(c)=s.
Takum oOpazom, mosryyer myTh SCdt mmmHOM 8.

PaboTy anroputma MOKHO MPOWIUTIOCTPUPOBATH TaOIUIIEH:

Bepmmna | 1 2 3 4 5 6
S 0 - - - - -
a oo 4 4 - - -
b oo 7 7 7 7 -
o oo 3 - - - -
d o0 oo 6 6 - -
t o0 oo oo o0 8 8

Aaroputm ®opaa

Anroputm JIeMKCTpbl UMEET ONPENEIEHHBIE OTPAHUYECHUS B TPUMEHEHUU. OH
HE MOXET OBITh MCMOJB30BAH, €CJIIM BeCa HEKOTOPBIX AYI OTPHUIATENIbHBI (MOMKET
OBITH MOJIy4€H HEBEPHBIN pe3ysibTar). B aTOM ciyuae 115 morcka KpaTdyauiiero myTH
B rpad)e ¢ OTpULIATEIbHBIM BeCOM IpuMeHsieTcst anroputM dopaa, seastomuics Mo-
mudukarmeit anroputma Jlelikctpel. HeoOxonumbie MoaudUKaIMK COCTOST B Clle-
IYIOLLEM:

1. Ha mare 2 anroputma JlefKCTphI mepecyeT MOMETOK OCYIIECTBISETCS IJIs
BCeX BepIInH rpada (Kak sl BEpUIUH ¢ BPEMEHHBIMUA METKaMU, TaK U JIJIs BEPIIUH C
MOCTOSIHHBIMU METKaMH ).

2. Ecnu nns HEKOTOpOMl BEpHIMHBI Xi ¢ MOCTOSIHHOM METKOM MNPOUCXOIUT
yMeHbIIeHne nmometku |(X;), To Ta MoMeTKa CTaHOBHWTCS BPEMEHHOH, a MOMETKa
Q(Xi) yHU4TOKACTCH.

3. ANTOpUTM 3aKaH4YMBaeT pabOTy TOT/Aa, KOrJa BCE BEPUIMHBI MOIYYaIOT IO-
CTOSIHHBIE METKH U IMOCJIE BBIIIOJIHEHHUS 11ara 2 anroputMa J{eMKcTpbl HU OJIHA U3 Me-
TOK HE MEHAETCS.

IMpumep. /lns B3Bemennoro rpada, nsodpaxxeHHoro Ha puc.4.13, HaliTu Kpat-
YauIIU{ ITyTh MEXKy BEpIUMHAMU S U {.
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O4eBHUJIHO, YTO B JAHHOM cllydae aJiropuTt™m JleiKkcTphl gain Obl HEBEPHBIN pe-
3yabTatT. [Ipu pemenun anroputmom JleiikcTpel ObUT ObI MOTyYeH MyTh St AsMHOM 1,
XOTS ONITUMAJIBHBIM SIBJIICTCS TyTh SAt mumHoi 0. [TosToMy 1i1s penieHus Oynem uc-
0JIb30BaTh anroputM dPopua.

S = L
1

Puc.4.13. I'pad aisa nmmroctpanuu anroputma Dopaa

Pemenne.

BepiuHb! ¢ MOCTOSHHBIMH METKaMH Oy1eM IOAYEPKHBATh.

1. IToMevyaeM B COOTBETCTBHH C aJITOPUTMOM BEPILIUHBI Tpada:

I(s) =0, I(d) = =, I(t) = < . BepuuHe S MpPUIHUCHIBAEM ITOCTOSIHHYIO ITOMETKY.
To ectb p=Ss.

2. V3 BepIIMHBI S TOMEYaeM OCTAIbHBIC BEPIIMHBI:

I(s) =0, I(d) =2, I(t)y = 1. Y Bepun d u t yMCHBIIWINCH TIOMETKH, CJICIOBA-
tenbHo, Q(d) =S, Q(t) = s. Bepuune t npunuceiBaeM MOCTOSIHHYIO MTOMETKY. To ecTh
p=t.

3. U3 BepimHbI t moMeyaeM OCTaabHbBIC BEPIINHEL

I(s) =0, I(d) = 2, I(t) = 1. Bepmmne d npuIuchiBacM MOCTOSTHHYIO TOMETKY. To
ecTh p = d.

4. 13 BepiuHbl 0 TOMeYaeM OCTaIbHbIE BEPIITHHBIL:

I(s) =0, I(d) =2, I(t) = 0. Y BepuuHbI t yMeHbIIIMIACHh IOMETKA, CIICI0BATEIIb-
Ho, Q(t)=d. [TomeTka BepimHsbI t cTama BpemenHoi. [Tomerka Q(t) = S yHuuToxaer-
Csl.

5. Tak Kak ©MeeTCsl BCEro OJIHA BEPIIMHA C BpEMEHHOM MOMETKOM (BepiiuHa t),
TO €l MPUIUCBHIBAETCS MOCTOSIHHAsA MoMmeTka, T.e. P = t. 13 BepmmHbl t momeyaem
OCTaJIbHBIE BEPILHHBIL:

I(s) =0, I(d) = 2, I(t) = 0. ITomeTku BepiuH S 1 d He U3MEHUJIKCh.

6. Beimosiasiem enie pa3 mar 2 anroputMa J{enkcTpsr:

I(s) =0, I(d) = 2, I(t) = 0. OcTaHoB anropuTMa, TaK KaK BCE BEPIIHHbI MOJyYH-
JIY TTOCTOSIHHBIE TIOMETKH U TOCIIE BBIMOJIHEHHS] OYEPETHOr0 1Iara HU OJHa U3 IoMe-
TOK HE U3MEHMJIACh.

BoccranasiuBaem o metkam Q kpaTuaiimmii myth u3 S B t: myTh SAt muHOM
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Aaroputm DJroiiia onpeaeieHus KpaTyaimux myTeu
MEK1Y BCeMH NapaMH BepUIUH rpaga

[lycth man B3BeleHHBIA oprpad ¢ N BepmmHamMu U Matpuiieit BecoB W, aiie-
MEHTBI KOTOPOW ONPENETSAI0TCS CIECAYIONINM 00pa3oM:

Bec W(Xj, X j ), ecmu B rpade cymectByer nayra < Xj, X j>
Wij = 0, eclim | = j,

o0, €CIM BIpade He CYIIECTBYeT AyrH < Xj, Xj>.

I[IponymepyeM BepmuHb rpada ot 1 1o N. O6o3aaunm WX maTpuity ¢ snemeH-
TaMu W;¥, Kbl U3 KOTOPBIX PAaBeH JUIMHE KPaTJyaillero MmyTH M3 BEPIIMHBI | B
BEPIIUHY |, KOTOPBI MOXET COJCPKATh B KAYECTBE MPOMEKYTOUHBIX BEPIIUH TOJb-
ko mepBbie K Bepmmn rpada. ITo marpune WP Beramcnsercs matpuna W' u 1.1, 1o
TeX TOp, MoKa He OynmeT ompeneneHa matpuma W" |, Copeprkarias KpaT4alie myTH
MEXy BCEMH BEPILIMHAMHU rpada.

Ha xaxmoii utepamuu BMecte ¢ Matpuieii WK ctpoutcsa matpuna PX, kaxblii
3JIeMEHT KOTOpOoii PXjj paBeH HOMEPY BEpLIMHBI, NPEAIIECTBYIONIEH BEPIIMHE j B Te-
KYyILIEM Ij yTH.

OcHoBHbBIE IATH ajaropurma:

1. [TponymMepoBaTh BepiirHbI rpada mneapiMu ynciaaMu. k=0. OnpeaenuTs Mar-
pumy WP, Onpenenuts marpuiy P, p%=i, V i =], i,j=1..n u p%;=0, Vi=j=1..n.

2. Ecmn K = n, pabota anropurma 3akonuena (W" - 3Ta MaTpuIiia BECOB Kpart-
Yalmmx MmyTed MeXay BCEMHU MapaMmH BepIIuH rpada, OnpeaensieMblX ¢ MOMOIIBIO
matpuiipl P"). Eciim kK # n, To k = k+1, mepexon k mary 3.

3. Beruucauts mjs Beex 1,) = 1...N 2JeMeHTHI

Wk ij =min{wik"'1 + ijk'l, Wijk'l}.

Ecnu Wijk_1 < wikt+ ijk_l , TO pkij = pk'lij . Mnaue pkij = pk'lkj.
4. Ecnm st Hexkotoporo 1< g < N ameMeHT ¢ W < 0, T0 B Tpade umeetcs
KOHTYp OTPHUIATEIHHON IJTUHBI M paboTa anroputMa 3aBepinaercs. MHaue nepeiTu K
mary 2.

Howmepa BepinH, BKIOYAEMBIX B KPAaTYaWIIUN IIyTh, ONPENEISIIOTCS CIIEAYIO-
UM 00pa3oMm:
(s B30 J2 1, ),
J1=p; "

Jo=pij"u T.20.
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IIpumep. Jlan B3Bemiennslil oprpad G, KOTOPBINA COAECPKUT MONOKHUTEIbHBIE U
oTpuIatenbHbie Beca (pucyHok 4.14). Haiitu Kparyaiiiie myTH MEXIy BCEMH Bep-
muHaMHu rpada.

Puc. 4.14. Tlpumep rpada 11 noucka KpaT4alilinx myTen

Pewenue.
[Iponymepyem BepiuuHbl rpada nensiMu unciamu (1, 2, 3, u 4) u onpenenum
matpuusl WO u PO;

1 2 3 4 1 2 3 4
110-2 3 -3 1101 11
2loa 002 oo g 22 0 2 2

_ P =
W_gmm[jg 313 3 0 3
414 5 5 0 414 4 4 0

123 4 1 23 4
1{0-2 3 -3 1ffo 111
1 2|0 0 2 w0 pl_22 022
W= 2100 00 0 -3 31330 3
44 2 5 0 414 1 4 0

W2y P?:
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12 3 4 123 4
1{0-2 0 -3 1o 1 2 1
2 2|0 0 2 o0 222022
W= 2les a0 23 =313 30 3
414 2 4 0 414 120
W3u P3:
1 2 3 4 1234
1{0-2 0-3) 1o 121
2l 0 2 -1 . 22023
W= 2loo 00 0 -3 P=3l3 3 0 3
414 2 4 0 44 1 2 0
s 7/ S v
W4u P*:
123 4 1234,
1{0-2 0 -3) 1o 1 21
2|30 2 -1 ._2|4 023
W=31 103 F 34103
44 2 4 0 44 120
\ J A &

Taxum 06pa3oM, MBI HOIYYUIM MATPHUILy BECOB Kpardaimmx myteii W* Mexmy
BceMH BepiuuHamu rpada. OnpesenseM UX ¢ IOMOMIBI0 MaTpHIs! P,

Kparuaiimme nytu MexXay BEpIINHAMMU:

1u2: L(1,2)=-2, nyTs : 1-2;
lu3: L(1,3)= 0, nyts : 1-2-3;
lu4d: L(1,4)=-3, nyrs : 1-4;
2ul: L(2,1)= 3, oyt : 2-3-4-1;
2u3: L(2,3)= 2, nyTs: 2-3;
2ud: L(2,4)=-1, nyts : 2-3-4;
3ul: LG3,1)= 1, nyrs: 3-4-1;
3u2: L(3,2)=-1, nyrs : 3-4-1-2
3u4: L(3,4)=-3, nyrs : 3-4;
4ul: L(4,1)= 4, oyts : 4-1;
4un2: L(4,2)= 2, nyts: 4-1-2;
4un3: L(4,3)= 4, nyts : 4-1-2-3;
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3amMeTHM, YTO MPUBEICHHBIE BBILIE aJTOPUTMBI ONPEEICHHS KpaTyallluX Iy-
Tel MOTYT ObITh TPUMEHEHBI U K HEOPUEHTUPOBAHHBIM Tpadam.

ANTOPUTMBI OIpeAeNieHUs] KpaTyallliuX MyTed HCHOJB3YIOTCS MPU pEUICHUU
3a/lay MapHIpyTH3allUd B PA3IUYHBIX MPEIMETHBIX OOJacTAX (MapLIpyTU3alus B
TPAHCHIOPTHBIX CETAX, MAPLIPYTU3ALMS B UHOOPMAIIMOHHBIX CETSIX U T.J.)

4.6. OnpenesieHue MAKCUMAJIBLHOTO MOTOKA B CETH

TpaHcrOpTHOM CEThIO Ha3BIBAECTCS OPUEHTUPOBAHHBIA Tpad, YIOBIECTBOPSIO-
WK CIEAYIOUIUM YCIOBUSM:

1 B rpade cyiiecTByeT eIMHCTBEHHAs! BEpIIMHA C HYJIEBOM MOIyCTENEHbIO 3a-
X0Ji4 (T.€. B 3Ty BEpUIMHY HE 3aXOJUT HHU OJIHA Ayra). JTa BepIlIMHA Ha3bIBAECTCS MC-
TOYHUKOM 1 0003Ha4yaeTcs S.

2 B rpade cymecTByeT €IUHCTBEHHAsl BEpUIMHA C HYJIEBOM IOJIYCTENEHBIO
UCcXo/a (T.€. U3 3TOM BEPIIMHBI HE BBIXOJWT HU OJHOW AYyru). JTa BEpIIMHA Ha3bIBa-
€TCsl CTOKOM 1 00oxHaudaercs t.

3 Kaxmoii myre rpada (XjX j) CTAaBUTCSI B COOTBETCTBUE HEOTPULATEIBLHOE

qucCIIo Cij, Ha3bIBACMOC HpOHYCKHOﬁ CIIOCOOHOCTHIO0 AyT'H.

N3 ncrounuka S B CTOK t OCYILICCTBILACTCA IICPEMCIICHNC CAMHUIL IIOTOKA. HpI/I
9TOM KEDKI[Oﬁ Aayre rpa(ba (X|XJ) CTaBHUTCA B COOTBCTCTBHUC BCIMYHMHA IIOTOKA flj

J17151 TOTOKOB B JIyraX BBIMOJHSAOTCA CIEIYIOIINE YCIOBUSA:
1 BennunHa moToka B KaXKJI0M Jyre HE MPEBOCXOIUT MPOIYCKHON CIOCOOHO-
CTHU JyTHU:
0< fij <c.

ij

2 Jlyia BceX IMPOMEXYTOUHBIX BEPLIMH TPAHCIOPTHOM CeTH Xj #S#1 cymMMma
IIOTOKOB 110 BCEM JyIr'aM, 3aXOIAIIUM B BEPIIUHY Xj, PaBHA CyMME IIOTOKOB I10 BCEM
IyraM, UCXOIAIINUM U3 HEE:

v=" > fij= Xf

XjEF(Xi) XkGF_l(Xi)
3 CyMMapHBIi OTOK TIO JTyraM, UCXOJSAIIUM U3 UCTOYHUKA S, paBEH CyMMap-

HOMY MIOTOKY 1O JyraM, 3aXOJISIIKUM B CTOK . DTa BeJIMunHA Ha3bIBACTCS! BEIIMUMHOU
IIOTOKA B TPAHCIIOPTHOM CETH.

V= z fsj: kat-

Xjel’(s) X el (1)
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3adaua o MakcumanbHoOM nomoke COCTOUT B HaXO0XACHHNHU TAaKOI'O MHOXKCCTBA
ITOTOKOB 110 AyTraM, YTOOKI BEJIMYMHA ITOTOKA B CETU Obllla MAaKCHUMAJIbHOM IIpu ycCJio-
BHHU OTCYTCTBH:A IIPCBBIIMICHHA ITPOITYCKHBIX crocoOHoCTEM AYT. HpI/I OTOM TaK¥XKC
OIIPCACIIACTCA paCIIPCACIICHHUC IIOTOKOB I10 AyraM TpaHCHOPTHOP'I CCTH.

Jlns pelieHus TaHHOM 3aaydl MOKET OBITh MCHOJB30BaH airoput™m Popna-
dankepcoHa.

Auaropurm @opaa-DajnkepcoHa onpeaeieHus MAKCHMAJIbHOI0 OTOKA
B TPAHCIIOPTHOM ceTH

Wnest anropuT™Ma COCTOMT B CIeAyIOIIEeM. BpiOnpaercs HEKOTOPBI Ha4alIbHbII
MOTOK U3 S B t M OCylllecTBIIAETCS MOUCK YBEIWYMBAIOIIEro myTu. Ecin yBenanunBa-
IOIMK NyTh HAWTH HE yAAETCS, BBIIIOJIHEHUE aJrOPUTMa 3aKaHUYMBAETCS, U TEKYILUN
IOTOK M3 S B 1 sBisieTCss MakCcUMasbHbIM. EciiM yBenMuMBaroUuil 1yTh HAMAEH, TO
IOTOK BJOJIb JAHHOTO ITyTH YBEIMYHUBAETCS 10 MAKCUMAJIBHO BO3MOKHOTO 3HAYECHUS.
3aTeM BBIMTOTHSIETCS IOMCK HOBOTO YBEIMYUBAKOIIETO MYTH, U T.J.(pUCyHOK 4.15).

a © b
3 "'\z
S t
2
u 8
C 7 =d

Puc. 4.15. [Ipumep rpada

Hanpumep, B npeacraBneHHOM Ha puc. 4.15 rpade umerorcs 3 nyTu:

Sabt

Schbt

Scdt

Ha nepBoMm miare mo mytu Sabt MbI MOXXEM MEPEeMECTHUTh 3 €JWHUIIBI MOTOKA.
Bonpuie 3TOT myTh MBI paccCMaTpUBaTh HE MOYKEM, TAK KakK B Iyre (Sa) BeJIMYMHA I10-
TOKa paBHA MPOMYCKHOW crIOCOOHOCTH Ayrd. Takasi Ayra Ha3bIBaeTCsl HACHILIEHHOM.

B nanbHelinem Ha pUCyHKax MPOITYCKHas CIIOCOOHOCTh AYT OyAET BBIACIATHCS
KUPHBIM MIPUPTOM, a psaoM Oe3 BblaeNeHUs OyneT 3amucaHa TEeKyIas BEJIMYUHA
notoka B ayre. HyneBble 3HaueHUs 3alUChIBATh HE OYyIEM.
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C 7 d
Puc. 4.16. I[1epBblit mar onpeneaeHnss MaKCUMaIbHOTO MTOTOKA

[To mytn scbt moxxHO mepemecTuTh 2 eqUHMIBI MOTOKA (TIpy 3TOM ayra (Cb)
CTAHOBUTCS HACBIIIICHHON):

Puc. 4.17. Bropoii mar onpeeneHusi MaKCUMaJIbHOTO TTOTOKA

Ocraércst ouH yBenuuuBaronuii myth SCdt. Ilo HeMy MOXHO mepeMecTUTh 7
€MHUL ITIOTOKA:

C 7_7 d

Puc. 4.18. Tperuii mar onpeneneHus MAKCUMaJIbHOTO MMOTOKA

B pesynbrare BeaIuunHa MOTOKA B CETH paBHA 12.
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Onnako mpu OOJNbIION pa3MepHOCTH Tpada TakoW MHTYUTHBHBIA CIIOCOO pe-
IICHUS 3a/1a4d CTAHOBHUTCS HEBO3MOXKHBIM. [1o3TOMY B Tporiecce paboThI aJiropuTMa
BEPIIIHAM MPHUCBAMBAIOTCS MTOMETKH. [ToMeTKa TPOU3BOIIBHON BEPIIMHBI Xij COCTOMT
U3 JIByX 4acTel U UMEET OJUH U3 ABYX BUIOB: (+Xj, 0) niu (—X;, 8). HacTs +Xj momer-
K{ TIEPBOTO THUIA O3HAYAET, YTO MOTOK JIOIMYCKACT YBEIMYCHHE BIOJb AYTH (Xj, X;).
YacTtp —Xj MOMETKH APYroro THUIla O3HAYAET, YTO MOTOK MOXET OBITh YMEHBIICH
BIOJIb IyTH (X, Xj). B 00oux ciayyasx o 3a1aéT MakKCUMaJIbHYIO BEJIMYMHY JTOTIOJIHU-
TETHLHOTO TTOTOKA, KOTOPBIH MOXKET MPOTEKATh OT S K Xi.

OcHoBHBIE IATH ajiropurma

A. PaccTaHOBKa IOMETOK

Illae 1. TlpucBouTh BepiinHe S MOMETKY (+S, 8(S) = «). Bepuiine S npucBocHa
MIOMETKA, ¥ OHA MPOCMOTPEHA, BCE OCTANIbHBIE BEPIIIMHBI 0€3 TOMETOK.

Llae 2. B3Th HEKOTOPYIO HEMPOCMOTPEHHYIO BEPIINHY C IOMETKOM; IYCTh €€
noMeTka OyneT (+Xk, 0(X;)).

(I) Kaxnoit Henomeuennoit Bepmune X; € I' (Xi), w1 kotopoii fj; < Cjj, mpucBo-
UTh IOMETKY (+Xi, 8(Xj)), tae d(X;) = min [3(X;), Cij— fij ].

(1) Kaxnoii Hemomedennoii sepmmue Xj € (i), mns xoropoit fji > 0, npu-
CBOUTH MOMETKY (—Xi, 8(Xj)), rme o(X;) = min [3(xi), fji ]. Temepp BepimHa X; 1 mome-
YeHa, U IPOCMOTPEHA, a BEPIINHBI Xj, TOMETKH KOTOpbIM npucBoeHs! B (1) u (1), sB-
JIIFOTCS. HEIPOCMOTPEHHBIMU.) O003HAYNTh KAaKUM-JTHOO CITIOCOOOM, YTO BEPIIMHA X;
MPOCMOTpEHA.

Llaz 3. IToBTOpATH 1WIAr 2 10 T€X MOP, MOKa 100 BepiirHa t OyaeT nomedeHa ,
U TOT/Ia TepeiTH K mary 4, nubo t OyneT He moMeyeHa U HUKAKUX JPYTUX MOMETOK
Heb3a OyAEeT pacCTaBUTh; B 3TOM Clly4ae aJTOPUTM 3aKaHUYMBAET PabOTy C MaKCH-
MaJIBHOM BEJIIMYMHOM ITOTOKA.

b. YBeianuyenue noroka

Llaz 4. 1lonoxute X =t 1 nepenTH K wary 3.

Ilae 5. (1) Ecau momeTka B BepiinHe X uMmeeT BU (+2Z, 8(X)), TO H3MEHHUTBD I10-
TOK BOJb 1yTH (Z, X) ¢ f(z, X) Ha f(z, X) + 5(t).

(I1) Ecnu mometka B BepiiuHe X uMmeeT Bui (—Z, 6(X)), TO M3MEHUTH MOTOK
BIoJb ayTH (X, Z) ¢ f(X, 2) Ha f(X, z) — o(t).

llaz 6. Ecnmu Z = S, TO cTepeTh BCE MOMETKU M BEPHYThCA K miary 1, yToOsbl
BHOBb HAudaTh pAaCCTaBIIATh TOMETKH, HO HCIOJIb3YS YK€ YIYUIIEHHBIM TOTOK,
HaWJAEHHBINA Ha mare 5. Eciu Z # S, TO MOJIOKUTH X = Z U BEPHYTHCS K 1Iary .

IIpumep perienus 3axa4u .
Haiitn MakcumanbHbIN TOTOK OT S K T 117151 Tpada
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Puc. 4.19. Ilpumep

Pemenune. B xauecTBe HayabHOrO BO3bMEM IOTOK C HYJIEBHIMU 3HAUCHHUSIMU
Ha BCEX Jyrax. AJIropuT™M padoTaeT CIASAYIOMUM 00pa3oM.

1 mar

PaccTtanoBKa NOMETOK

[pumnuiieM BepIKHE S TOMETKY (45, ).

C BepIIMHOW S CMEXHBI TPpU BepIIuHbL: a,0,c. MoxHO BBIOpaTh 1100yI0. BhIOE-
pem BepiiuHy a. [IpucBouM eii mometky (+S,min[«;6-0])=(+s,6) (t.e. mo myre (S a)
MOYET ITPOUTH NOTOK, PABHBIM 6.

BeprmHy b MOXHO TTOMETUTB M3 BEPIIMHBI S MM U3 BEPIIMHBI d (MOYKHO BbI-
Opartb sr000ii BapuaHT). [TomeTnm u3 BepimHbl 8. Toraa moMeTka BepIIMHbI D Oyner paBHA
(+a,min[6;7-0])=(+a,6) (o ayre (ab) mor ObI MPOITH MOTOK, paBHBIA 7, HO JO BEp-
IIMHBI & JIOIIJIO TOJBKO 6 €AMHUI] TOTOKA).

Bepiune € npucBanBaeM momMetky (+,16).

Bepuuny d MOXHO TOMETHTh U3 BepIIMHbI D nitn u3 BepiuuHsl C. [Tometum u3
BepiuHbI ¢. Torma merka Bepuutbl d Oyzaer paBHa (+¢,min[16;10-0])=(+c,10).

Bepiuuny t MOKHO MOMeTHTh M3 BepiiuHbl b wiau u3 Bepimubl d. Beibepem
BepmHy b. Torna merka Bepmunbl t Oynet paBHa (+b,min[6;8-0])=(+b,6).

['pad c paccTaBiIeHHBIMHU TOMETKaMHU OYAET BBITIISACTH CIASAYIONIIM 00pa3oM:

(+S; 6) (+a; 6)
a L p

(+S;=) S
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YBeauueHune moToka
YBeauurBaeM MOTOK BI0JIb yTH Sabt Ha 6 ¢IMHUIL:

2 mar

PaccTaHoBKa MOMETOK

[pumuineM BepIIHHE S TOMETKY (+S, ).

BepinHy a MOMETUTh HE MOXKEM, TaK Kak Jayra (Sa) sIBJISeTCS HACBIICHHOM.

Bepmuny b MOXHO MOMETHTH TOJNBKO M3 BepinuHbl S. [TomeTka BepmuHbl b
Ooyzaer paBHa (+S,min[«=;5-0])=(+s,5)

BepiuHe € npucBanBacM momMetky (+,16).

Bepmuny d MOXHO IOMETHTh U3 BepIIMHbI D min u3 Bepiuutsel C. [Tometum u3
BepiuHbI ¢. Torma metka BepmuHbl d Oyaer paBHa (+¢,min[16;10-0])=(+c,10).

BepmuHy t MOKHO MOMETHTh M3 BepiiuHbl b uiau u3 Bepimubl d. Beibepem
BepimmHy b. Torna meTka Bepmmnsl t Oynet paBaa (+b,min[5;8-6])=(+b,2).

I'pad ¢ paccTaBieHHBIMU IIOMETKAMH OYIET BBITJISAETD CICAYIOIIUM 00pa3oM:

(+s;5)

(+S; 16)

YBennueHne nmoToka
YBeauurBaeM MOTOK BIOJIb yTH SOt Ha 2 e AMHMIIBL:
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B pesynbraTe myra (bt) cTaHOBHTCS HACHIIICHHOM.

3 mar

PaccTaHoBKa moMeTok

[Tpurnuiem BepIuHe S MOMETKY (48, ).

BeTmuHy @ mMOMETUTh HE MOKEM, TaK Kak JIyra (Sa) sIBISIeTCS HACBIIEHHOM.

Bepmuny b MOXHO MOMETHTH TOJNBKO M3 BepinuHbl S. [TomeTka BepmuHbl b
Oyzaer paBHa (+S,min[«=;5-2])=(+s,3)

BepiuHe € nprucBanBacM momMetky (+,16).

Bepmuny d MOXHO IOMETHTh U3 BepIIMHbI D min u3 BepiuuHsel C. [Tometum u3
BepmrHbI b. Toraa Metka Bepiuabl d Oynet paHa (+b,min[3;2-0])=(+b,2).

BeprmHy t MOXXHO MTOMETHTh W3 BEPIIUHBI C WU M3 BepiiuHb 0. Beioepem
BepmHy d. Torna metka Bepmuabl t Oyner pasHa (+d,min[2;15-0])=(+d,2).

I'pad ¢ paccraBieHHBIMU TTOMETKAMH OYJIET BBITJISIICTh CISAYIOIIAM 00pa3oM:

(+s; 3)

d
(+S; 16) o (+b; 2)

YBennueHne nmoToka
YBenauurBaeM MoTok BoJib yTy Shdt Ha 2 eTuHUIIBL:
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B pesynbpraTe myra (bd) craHOBUTCS HACHIIIEHHOM.

JlanpHeliye 1Ba 1mara NpyuBoaATCs 06€3 MOsSCHEHUIA.
4 miar

PaccraHoBKa MOMETOK

(+S; 16) C 10 “d (+c;10)

YBeauueHne noToka
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5 mar

PaccraHoBKa MOMETOK

(+S;10) C 10 “d (+c;10)

YBeanueHue MoToKa

C 1010 d

JanpHelilliee yBeJIMYEHHE MOTOKAa HEBO3MOXKHO. 3ajada pelnieHa. Beanunna
MOTOKa paBHa 26 (CKiaAblBaeM IIOTOKM 110 JyraM, BBIXOASIIMM U3 HCTOYHUKA
WJIM TI0 JTyTaM, 3aXOSAIIUM B CTOK. DTH BEJIMYMHBI TIOJDKHBI OBITH PaBHBI)
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YnpaxxkueHus

1. OnpenenuThb CUIIbHBIE KOMIIOHEHTHI Tpad)oB:

Xa X3 X1 X2
X} Xs X3
X Xs X Xs P e
a 6
X X2 X3 X) P&
Ky
Xs Xs X4 Xs X4
B r

Puc. 4.20. TIpumMeps! 17151 onpeeIeHNS CHIIBHBIX KOMIIOHEHT

2. Jlns rpados, npenctaBieHHbIX Ha puc. 4.20, mOCTpouTh MaTpuilsl GyHmIa-
MEHTAJIbHBIX [IUKJIOB.

X1
X X3

X2

X3
X6

X3

X4

Xa X4 X5

a §]

Puc. 4.21. Tlpumeps! rpadoB 11 MOCTPOCHUS MATPHUIL HYHAAMEHTATHHBIX
IIUKJIOB
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3. [locTpouts OcTOBHBIE JepeBbs Tpada ¢ UCTIOTB30BAHUEM AJITOPUTMOB MTOKC-
Ka B INIyOUWHY U B LIUPUHY.

X1 X2 X3

X3 X

X7
X X7 Xs
X3 Xs

a 0
Puc. 4.22. TIpumepsl rpadoB AJi MOCTPOEHUS OCTOBHBIX JI€PEBbHEB

4. ITocTponuTh Kparyaiilliee OCTOBHOE JIepeBO Ipad)a C UCIOJIb30BAHUEM aJIrO-
putmoB Kpackana u [Ipuma.

Puc. 4.23. IIpumepsl TpadoB A TOCTPOSHUS KpaTUyalIIIMX OCTOBOB

5. OnpenenuTth HUKIOMaTHYECKOE YKUCIIo Tpada Ha puc. 4.24.
X4 Xs

X3

X ! X3

Puc. 4.24. Tlpumep rpada 115 onpeaeneHus MUKIOMaTHUYeCKOro Ynucia
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6. [TocTpouTh BCE TaMWJIBTOHOBBHI IUKJIBI M IIeMU Tpada ¢ MCIOTH30BAHUEM
anroput™ma Pobeprca u ®@iopeca.

X2
X3 X2 X3
i ~
X1 X4
Xa
\J
X1 \\_/’
X5
X6
' X3
i Y
Xy Xs X4 Xs

r

Puc. 4.25. IIpumepsl rpadoB 115 TOCTPOCHHS TaMUILTOHOBBIX IIMKJIOB U
ereu

7. OnpenenuTh KpaT4yanuuid MyTh OT BEPUIMHBI S JI0 BEPIIUHBI { ¢ HCIOJIB30-
BaHUEM AJITOpUTMA JIEHKCTPHI.

X]. -J.'r X}

g 6

2
S 2 t
| t
16 6 15
X3 10 rXﬂr
a 6

Puc. 4.26. Tlpumeps! rpadoB A onpeneseHus KpaTdyaiiiero myTu

8. OHpCl]CJII/ITB MaKCHUMAaJIbHBIM IIOTOK B CETHU C HCIOJIb30BAHUEM aJIropuTMa

®opua-dDankepcoHa.
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X1 6 X2 X1 6 X2

[

2
&

X3 7 X4 X3

Puc. 4.27. Tlpumeps! rpadoB i onpeneneHus MaKCUMalbHOTO MMOTOKA

9. Ompenenuth Kparyaime MyTH MEXKIY BCEMHU NapamH BEPIIUH I'padoB C
WCIIOJb30BaHuEM aliroputma Pnoiia

Puc. 4.28. IIpumepsl rpadoB 115 onpenesieHus KpaTyaniero myTu

10. ITocTpouTh mpaBUIIBHYIO packpacky rpada. OnpenenuTs XpoMaTHUYeCKOe
qucyo rpada.
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X1 X3 Xa

X5
Xo
X7

Xs Xe

Puc. 4.29. Tlpumeps! rpadoB AJis MOCTPOEHHUS MTPABUIBLHON pacKpacku
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5. HEKOTOPBIE IPUJIOXKEHUSA TEOPUU T'PAD®OB
B ABTOMATHU3NPOBAHHbBIX CUCTEMAX

Teopus rpadoB UMeeT MUPOKUN KPYT MPUIOKEHUN B pa3HbIX obsacTsax. ['pa-
b1 ABIAIOTCA 3(PPEKTUBHBIM CPEICTBOM INPEIACTABICHUS CTPYKTYPHBIX MOAENIEH
pa3IMYHBIX OOBEKTOB M CHUCTEM (RJIEKTPUUECKUX IIETel, BBIUMCIUTEIbHBIX CETEH,
TPAHCIIOPTHBIX CETEH, MPOrpaMMHBIX KOMIUIEKCOB U T. 1.). B "acTtHOCTH, TpadoBbIe
MOJIETIH SIBJISIFOTCS YAOOHBIMU MOfIeTIsiMU cXxeM POA u OBA Ha paznuyHbIX 3Tanax ux
MIPOEKTUPOBAHHSI.

Ha stane cxemoTexHuueckoro npoektupoBanusi POA u 9BA rpadsl ucnosns-
3YIOTCSl JUI MOJEIMpPOBaHMs 3JeKkTpuyeckux neneil. IlycTte mmeercs HekoTopas
JNIEKTpUYEcKasl ILelb S, mpeAcTaBisomas co0oi Habop 3JIEMEHTOB  aj,...,am

( HampuMep, COTPOTUBIICHUH, KOHIEHCATOPOB, MHIIYKTUBHOCTEN, ncTOUHUKOB DJIC u
T. A.), COSUHECHHBIX IPOBOAHUKAMHU. J{JIs KaXkKI0To 37eMeHTa a; 0003HaunM uepes |;
BEJIMYUHY TOKA, IMPOXOJAIIECTO Yepe3 3TOT DIEMEHT, a yepe3 Uj - HaIpsHKCHUE MEXK-
ny ero nosocamu. Hanpasnenne Tokos | n Hanpspkenuid U U1 KaXI0ro JIeMeHTa
LIETIH YKa3bIBAETCS HA CXeMe CTpeikaMu. [Ipu 3Tom eciu TOK TeueT Mo HampaBICHUIO
cTpenku, ero BenwuuHa |j monoxwutenbHa. BenmmunHa HampsbkeHust U; TOJIOXKH-
TeJIbHA TOTJA, KOT/a MaJCHUE HAIPSOKEHUS B 3JIEMEHTE LENU @ HAIpaBJICHO BJOJb

CTpeNKU. JJaHHOW ANEKTPUYECKON LENMNA MOKHO IIOCTABUTh B COOTBETCTBUE OPUEHTH-
POBaHHBIM MYJIBTUTPA], BEPIIMHBI KOTOPOI'O COOTBETCTBYIOT y3JaM 3JIEKTPUUECKOM
LENH, a OTyTH - JJEMEHTAM, PACIOJIOKEHHBIM MEXKIY COOTBETCTBYIOIIMMH Y3JIaMHU.
OpueHTanms Kaxa0u Jyrd ONpPENesIETCs B COOTBETCTBUU C HAPABIEHUEM TOKA 4e-
pe3 NaHHBIA dJeMeHT Lenu. [lockonbKy HampaBlIeHUE TOKa 3apaHee MpeIcKa3aTh HE
BCET/Ia BO3MOYHO, BBEJICHHYIO OPHUEHTAIMIO IyI' MOKHO PacCMAaTpUBaTh KaK YCIOB-
Hyto. Ilocie onpenenenus |, Uj 3HaKu 3TUX BEIMYUH OyIyT MOKa3bIBaTh HCTHHHOE

HaIpaBJICHNE TOKA U HANIPSKEHMS Yepe3 KaXIblil 2JIEMEHT ;.
IIpumep. CoctaBum rpadoByr0 MOAEINb AIEKTPUUECKOI 1lenu Ha puc. 5.1, a.

6
| |[—
T U U
1 2
: | ’ — e
a 1 |b 2 ¢ a b C
5 4
Uz
: d

d d
Puc. 5.1. Ilpumep nipeacTaBieHus dJIEKTPUUECKON 1ienu rpadom
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Jlist moctpoenus rpadoBoOi MOACIN MPEABAPUTENHHO MPOHYMEPYEM 3JIEMEHTHI
LENU, a CTPEJIKaMU yKa)K€M HarpaBjeHue TOKoB. ['padoBasi Mojaenb JaHHOW Lienu
npuBezcHa Ha puc. 5.1, 6. [Ipu 3ToM BepimHbl rpada a, b, ¢, d COOTBETCTBYIOT y3/1aM
a, b, ¢, d snexrpuueckoii cxemsl, pedpa Uq - Ug - 31eMeHTaM | - 6. OpueHTanus ayr

rpada onpezenseTcss HampaBICHUSIMHU TOKOB Y€pPe3 AIEMEHTHI 3JICKTPUUYECKOH 1IETIH.
[Ipu pemieHnn 3a7a4 KOHCTPYKTOPCKO-TOIOJOTMYECKOTO MNPOEKTUPOBAHMS
POA u DBA rpadsl ucnosb3yroTcs IS MPEACTaBICHUS KOMMYTAIIMOHHBIX CXEM.
HanmomauMm, 4T0 KOMMYTallMOHHON CXEMOW Ha3bIBAE€TCS HA0Op KOHCTPYKTHUBHBIX MO-
nynei (mukpocxeMm, BUC, cxeMHbIX coueTaHuil MUKPOCXEM, Pa3IMYHbBIX OJIOKOB U T.
1.), 3aJJaHHBIM 00pa3oM COEAMHEHHBIX MeXAy coOor uensamu. Kaxapiii snemeHT
KOMMYTAlMOHHOW CXEMBI X; UMEET HEKOTOPOE MHOXECTBO COCIMHMUTEIIBHBIX BBIBO-
JOB, Ha3bIBa€MbIX KOHTakTaMU. KpoMe KOHTAaKTOB 3JEMEHTOB B CXEME HMEIOTCS
BHEIIHUE KOHTAKThI, KOTOPBIE OCYIIECTBIISIIOT CBSI3b PACCMATPUBAEMOM CXEMBI C JIPY-
ruMu cxeMamu. bynem o003Ha4yaTh KOHTAKThI 3JIEMEHTOB Cij » @ BHCITHHEC KOHTaKTBI

Coj, TAE I-HOMED IIEMEHTA, j-HOMEp KOHTaKTa. J[Ba KOHTAKTa CUMTAIOTCS CBA3AHHbI-

MH, €CIIM OHH OOBEAUHAIOTCS OJJHON IIEKTPUUYECKON Lenblo ey . [lox anekTpudeckoii

1enplo Oy7eM MOHUMATh MHOXKECTBO KOHTAKTOB, MPUHAJICKAITUX OJHOMY HKBHIIO-
TEHIUATY.

['padoBoe mpencTaBieHne KOMMYTAIIMOHHBIX CXEM HCIIOJB3YETCs MpHU pelie-
HUU OCHOBHBIX 33J]a4 KOHCTPYKTOPCKO-TOIMOJOTHYECKOTO MPOSKTHUPOBAHUA: 3a]a4
MOKPBITUS, TUIU3ALUNA, KOMIIOHOBKH, pa3MeIlleHUs, TpacCupoBKU. [Ipu sTom Bepu-
HBI Tpada COOTBETCTBYIOT dJIEMEHTaM (MOJYJISIM) CXEMbI, a Jyru (pedpa) - coeauHsi-
FOIIIAM HX TIETISIM.

IIpumep. Ha puc. 5.2 npeacraBieH ycloOBHBIM (parMeHT KOMMYTallMOHHOMN
cxeMbl U ee rpa¢. IIpu 3Tom BepummHbl rpadga X1 — X4 COOTBETCTBYIOT JJIEMEHTAM
X1 — X4 KOMMYTallMOHHOHN CX€MBbI. JIB€ BEPIIUHBI COCAUHAIOTCS AYIOW, €CIU COOT-
BETCTBYIOILUE DJIEMEHTBI CXEMbI COCIUHEHBI LETIBIO.

€1 ; ;
Cu Ca X1 Xy X+ X4
— C12 > C
Co1 X Xy [0
o €3
Cis e
. Can
L X5 X3 H % .
Cn CanCs Cs
a 0

Puc. 5.2. Ilpumep npeacTaBiaeHUS] KOMMYTAITMOHHON CXEMBbI Tpadom
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[upokoe npuMeHEeHHE IEMEHTHI TEOPUHU IPa(OB HAXOIAT MPHU aHAIU3E IICK-
Tpuueckux nenei. /st 3a1laHHOM JIEKTPUYECKOM 1enu S ofHa U3 3aJa4y aHajau3a 3a-
KJIIOYAETCS B OMNpPEACNICHUH JJIA BCEX BJIEMEHTOB HAMPSIXKEHUW M TOKOB, KOTOPHIE
yIIOBIIETBOPSIOT cieayomuM 3akoHam Kupxroda:

1. 3axon Kupxzoga onss mokos. Anredpanyeckas CcyMMa TOKOB, BBITEKAIOLIUX
U3 y3J1a, paBHA HYIIO.

2. 3axon Kupxeogha onsa nanpsscenuu. Anredparueckasi cymma HanpsbKeHUN B
J000M 3aMKHYTOM KOHTYpP€ PaBHa HYIIIO.

PaccmoTpum rpadoBBIif TOIXO0M K COCTaBIeHUIO ypaBHeHUi Kupxroda mis
TOKOB ¥ HampspkeHui. [1ycth S - anmekTpuueckas 1menb ¢ M anemenTamu. O603HaYNM
gepe3 |=(lg,...,1n), U=(Uq,...,Uy) BEKTOpPBl TOKOB M HaNpsDKEHWH B Lemu S.
[IpeacTaBuB 3JIEKTpUUYECKYIO IIENb B BHUJE OpUEHTHpOBaHHOro rpada G, cucremy
ypaBHeHui Kupxroda st TOKOB MOYKHO 3alMcaTth CIEIYIOIUM 00pa3oMm:

Bl =0,

rie B - maTtpunia nnnuaAeHTHOCTH Tpada G.

Cucrema ypaBHenuit Kupxroda mist Hanps>keHUi UMEET BHT

FU =0,

rae F - matpuna ¢pyHmameHTanbHBIX UKIOB Tpada G. DTa cucreMa Ha3bIBaeT-
csl OazucHou cucmemotu ypaBHeHUl Kupxroda i HanpsKeHu .

IIpumep. CocraBuMm cucreMsl ypaBHeHuid Kupxroda majig TOKOB M Harpsixke-
HUAW B DJIEKTPUYECKOM LIEIH, MPEACTABICHHOW Ha puc. 5.1, a. Marpuua HHIMHACHT-
HOCTH Tpada TaHHOM AJIeKTpUUecKoil nenu (puc. 5.1, 6) 3anumieTcs caeayrImuM 00-
pazom:

Uu 4 U Uz Uyg Ug Ug
a1 0 0 0 -1 1
b -1 1 1 0 0 0
c 0 1 0 1 0 A

o o0 -1 -1 1

CrnenoBarenbHo, ypaBHeHHs] Kupxroda A TOKOB Oy1yT UMETh BUJ:

|1—|5+|6=O,
-|1+|2+|3=O,
-|2+|4—|6=O,
-|3—|4+|5=O.

OcTtoB rpada paccMaTpuBaeMOM AJIEKTPUUYECKON LIEMH IMPEICTaBiIeH Ha pUC.
5.1, B. B nanHoM rpade MOKHO BBIIEIUTH CIEAYyIOMNEe TpU (PyHIaMEHTaIbHBIX LUK~
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J1a, OTHOCHUTENEHO TOr0 OCTOBA: UqUgUs, UoUgUg, Uglouq. Marpuna ¢ynnamen-
TaJIbHBIX LIUKJIOB UMEET BHL!

u u

1 Ug Uz Uy UslUg
1 o 1 0 1 O
F=| O 1 -1 1 0 O
-1 -1 0 0 0 1

Torma 6a3ucHyto cucremy ypaBHeHui Kupxroda ams HanpsKeHUH MOKHO 3a-
MHACATH CJIECAYIOIHNM 00pa3oM:

U1+U3+U5=0,
U2-U3+U4=0,
-Ul-U2+U6=0.

Bo mHOTHX MPAKTHYCCKUX IIPUITIOKCHUAX BCTPCUHACTCA 3aaa4da IMOCTPOCHHUA
Kp&T‘-IElI?IHICI’O OCTOBaA B3BCIHICHHOI'O rpa(ba. PaCCMOTpI/IM HCCKOJIBKO IIPpUMCPOB.

IMpumep. HeoOxonuMo MpoIOKUTH CETh MPOBOJIOB, CBS3BIBAIOIIUX N TEPMU-
HAJIOB BBIYMCIUTEIBLHOM armapaTypbl, IPUYEeM TakK, 4TOObl U3 OJIHOIO TepMHUHAJA
MOKHO OBLIIO CBSi3aThCsl ¢ JIOObIM ApyruM. Ecimu TpeOyeTcs, 4ToObl KOJIMYECTBO 3a-
TPA4eHHOT'0 TPOBOJA ObUIO MHUHHMAIbHO, TO Tpad, BEPIIUHBI KOTOPOTO COOTBET-
CTBYIOT T€pMHUHAJIaM, a pedpa - COCAUHSIONIMM UX MPOBOJAM, JOJDKEH OBIThH Jepe-
BoM. PaccmoTtpum mouHbIi B3BemieHHbIH rpad K, BepumIMHBI KOTOPOrO COOTBET-
CTBYIOT TEpMHHAJIAM, & BEC KaKJOT0 pedpa paBeH KOJUYECTBY MPOBOJAA, HEOOXOAM-
MOTO JIISi COSAMHEHHUS I-TO U J-r0 TepMHHaJa. Torjaa 3ajada COCTOMT B IMOCTPOCHUH
KpaTJaiIiero ocroBa JaHHOTO rpada.

[Iycts N=3, a paccTOsHUE MEXAY TEPMUHAIAMU 330ACTCSI MAaTPULIEH

1 2 3 4 5
10 5 9 8 14
2)5 0 10 6 4
39 10 0 3 15
48 6 3 0 19
54 4 15 19 O

Torma cootBercTBytomui rpad mpeacrasieH Ha puc. 5.3, a. Ha puc. 5.3, 6
MPUBEJICH KpaTUyallliuii OCTOB TaHHOTO Tpada, TOCTPOCHHBINA C UCTIOIH30BAHUEM aJl-
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ropuT™Ma Kpackaua. [TocnenoBatensHOCTH BBIOOpA pebep:
(X3,X4), (X2,X5), (X1, X2), (X2,X4) -

X2

X1 X3

X5 X4

-

a 0

Puc. 5.3. [Ipumep npeacTaBieHUs] BBIYUCIUTENBHONU ceTU rpadoM U ee
MUHUMAaJIbHass KOHPUTyparus

IIpumep. Paccmorpyum 3amady TpacCHpPOBKM NPOBOJIHBIX COCIWHEHUN NpPH
KOHCTPYKTOPCKO-TOIIOJIOTHYECKOM NpoeKTupoBanuu POY. IlycTe umeerca N Touek
MJIOCKOCTH, COOTBETCTBYIOIIMX BbIBOJAM (KOHTaKTaMm) MPOU3BOJIBHOW LIEMU C 3a/aH-
HBIMU PACCTOSTHUAMHU MeXIy HUMU. HeoOXonuMo coeAMHUTh BCE KOHTAKThI LENbIO
TakUM OOpa3oM, 4TOOBI CyMMapHas JUIMHA COEAMHEHWH Obula MUHUMasbHa. Pac-
CMOTPHM IOJHBIHA rpad K,,, BEpIIMHBI KOTOPOI'O COOTBETCTBYIOT KOHTaKTaM, a pedpa

- COEIIMHEHUAM MEXy napamu BeIBOJOB. KaxxmoMmy peOpy uU; IPHUIIMCHIBAETCS BEC
W, KOTOPBIM MOKET MPEJICTABIATh JMHEHHYI0 KOMOMHALMIO HECKOJIBKUX XapaKTe-

puctuk coequneHust W = pyhjq +... + phjy , To€ pj - BecoBbie KOOQ HUIHCHTSL, hij -
HEKOTOpas j-f XapakTepUCTHKA COEIMHEHUs U; ( ANMHA, CTOMMOCTh M T A.). Toraa

3a/1a49a CBOJMTCS K IMOCTPOCHHUIO B JaHHOM Tpade Kparyaiero ocroBa. Hampumep,
HEOOXOAUMO COCOMHUTH LENbI0 JKBHUIOTEHIIMAILHBIE KOHTAKTHI, 00O3HAUYE€HHBIE
mudpamu 1, 2, 3, 4 Ha puc. 5.4, a. PaccrossHusI MeX 1y HUMU 33aJIafOTCS MaTPUIICH

1 2 3 4
1/ 0 9 2 10
20 9 0 15 5
31 2 15 0 7
4\10 5 7 O

I'pad K, mpencrasnen Ha puc. 5.4, 6. [l mocTpoeHHs KpaTyailiero 0croBa
sTOro rpada ucnoaszyem anroputm Ilpuma. Ilpu aTom nocnenoBaTenbHOCTh BEIOOPA
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pebep Oyaer umeth Bun: (1, 3), (3, 4), (2, 4). Kparuaiimuii ocTOB M300paykeH Ha puC.
5.4, B. Ha puc 5.4, r npencTaBieHbl pe3yinbTaThl TPACCHPOBKH.

o o o o 1 2 1 2
.10 o O
olo oo, .
2

o e3 oo
[o & (o s ]
O O (o] =

4° 3 4 3 4

a 0 B T

Puc. 5.4. Pe3ynbTarhl TpaCCUPOBKHU MPOBOJIHBIX COCTUHEHUM

MHorue npakTuuecKue 3aja4i CBOISATCS K packpacke rpada. DTo 3aaadu pac-
IpeJeIeHUs PecypcoB, pa3paboTKu rpa@uKoB ocMoTpa 000pyA0BaHuUs, COCTaBICHUS
pacnucanuii u T. 1. PaccMoTpuM oJlHYy M3 3a7a4, BOSHHKAIOIIUX MPU TPACCHUPOBKE
MHOTOCJIOMHBIX TIEYaTHBIX IJIAT.

Ipumep. [lycTe nMeeTCs KOMMYTAIIMOHHAS CXEMA, IJIEMEHTHI KOTOPOU OIpe-
JIeJIeHHBIM 00pa3oM pa3MelleHbl Ha ruiate. [IpoBeneHa TpaccHupoBKa NMEYAaTHBIX CO-
€MHEHUH, B Pe3yJIbTaTe KOTOPOW HEKOTOPBIEC LIEH IEPECEKAIOTCA APYT C APYTOM.
Heobxonumo Takum 00pa3oM pacnpeaesuTh LENH MO MapaijiebHBIM CIIOSIM, YTOOBI
B KQXJIOM U3 CJIO€B OHMU Obl HE MEPECEKAINCh, a YUCIIO CI0EB ObUIO Obl MUHUMAJIb-
HeIM. Pacnipenenenue cBsazelt (1iemneit) 6e3 nepeceueHnii ¢ MUHUMU3AIMEH Ynciia cio-
€B DKBUBAJICHTHO MHWHUMU3UPOBAHHON packpacke rpada nepecedeHuit cxemsl G’ =
(X, U), rme X - MHOXECTBO BepIIMH rpada, COOTBETCTBYIOIICE MHOMKECTBY Iiemei
cxembl. PeOpo U €U cymiecTByeT M COEAMHSET IBE BEPIIUHBI Xq, X, € X, €CIIH CO-

OTBETCTBYIOIIHE 1IeNU nepecekatorcs. [locie packpacku 1enu, COMOCTaBICHHBIE OJ1-
HOITBETHBIM BEPIIIMHAM, TOMEMIAIOTCS B OWH CIIOH.

Ha puc. 5.5, a npuBenen ¢parment cxemsl. Ha puc. 5.5, 6 nokasan rpad nepe-
cedeHuil meneit sToro ¢pparmerta. OCyIeCTBUM PACKpacKy BEPIIUH JAaHHOTO Tpada
C UCTIOJIb30BAaHUEM IBPHUCTHUECKOTO airopuT™Ma. CTPOUM CIHCOK:

Xi Xz X Xz Xg X7 Xg Xg Xg Xz Xypg
px;) 5 4 4 4 4 3 3 3 2 2
Bepumnsl X3, X7, X5 OKpalIMBalOTCA B UBET 1 1 ynansrorcsa u3 crnucka. Iomy-
4aeM HOBBIU CIIMCOK:
Xi Xy Xy Xg X9 Xg Xz Xpg
px;) 4 4 4 3 3 2 2

BepmmHsl X1,X4,Xg OKpAalIMBAaIOTCA B LBET 2 M YNAIAIOTCA W3 CIHUCKa.
OcraBiuecs BEpIIMHBI HE CMEXHbI MEKIy coOoi. [loaTOMy OHM OKpaluBarOTCs B
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useT 3. B utore nosyyaeMm cienyroiiee pacrpeieieHue 1enei mno ciosm: ciaoit 1 -
nenu 1, 4, 9; cnoit 2 - uenu 3, 5, 7; caoit 3 - nenu 2, 6, 8, 10. Llenu Tpex ciioeB n300-
paXXeHBI Ha puC. 5.5, B.

8 6

13 L
2| | l o —— 10
bb{%oéjaﬂ 5 cobdoOd f:é:caé;oéal

1

N
el 1=
(x) (%)

1

4 0
DJJOOODO !IJGGC[;O]-DO LCLODOJ)O

oocLooﬂ)o 5 coooboo 7 oooobOO
5
2 3 6 10
I I | I | |£L J)
0000000 0000000 ©0OO000O0O

E

Puc. 5.5. Pe3ynbpTathl penieHus 3a1auu pacrpeeseHust cBszei 6e3
MEepEeCEYEHN C MUHUMU3ALMEN YUCTIa CJIOEB Ha IIJ1aTe

B utore nonyuaem cienyroiiee pacrnpe/eseHue BEPIIUH 10 1BETaM:
[IBer 1: X1 X4 X9

[IBet 2: X3 X5 X7

[IBet 3: X2 X6 X8 X10
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Xpomatudeckoe 4ucio rpada paBHo 3.

BaxxHoe 3HaueHNE MMEIOT TaKXKe 3aJ]a4il MMOCTPOEHUS SMIIEPOBBIX U FaMUIBTO-
HOBBIX IIMKJIOB B Tpadax. Takue 3a/layu B 4aCTHOCTU BO3HUKAIOT MPHU MPOBEPKE pa3-
JUYHBIX PACTIPEICICHHBIX CUCTEM (BBIUMCIUTEIbHBIX, AIEKTPUUECKUX, TPAHCITOPHBIX
ceTel, TeneOHHBIX UITH HKEJIE3HOIOPOKHBIX JTUHUHN U T. 1.).

IIpumep. PaccMOTpuM BBIYUCIHUTENBHYIO CE€Th, rpadoBas MOJEIb KOTOPOil
npeJicTaBlieHa Ha puc. 5.6.

X3 1, X2
2
6 -
QI / l X3
8 3
X4 —

N7

Puc. 5.6. [Ipumep BBIYUCIUTENBHON CETH, IPEICTABIEHHON rpadom

Heobxoanmo onpenenuTs Takyr MOCIEA0BATEIbHOCTh MPOBEPKH BCEX Kade-
Jiel CBs3U, YTOOBI KX bl KaOesb ObLI MPOBEPEH TOJBKO OJIUH pa3. DTa 3ajada CBO-
JUTCA K MOCTPOCHUIO B JJaHHOM Tpade 3ilsiepoBa 1ukiia. DinepoB rpad, onpeeseH-
HbI anroputMoM drnepu, nokaszaH Ha puc. 5.6 crpenkamu. B nanHoM rpade uuki He
SABJISIETCA €IMHCTBEHHBIM.

[[Iupokoe MpUMEHEHUE B aBTOMATU3UPOBAHHBIX CHCTEMAX HAXOIAT alrOpHUT-
MBI MOMCKA KpaT4alIMX MyTel. AJTOPUTMBI TAHHOTO KJIacca HCIOJB3YIOTCS MHpPH
pPELIEHUN JIOTUCTUYECKUX 3a/1ad M TOMOJIOTMYECKUX 3a7ad B TPAHCHOPTHBIX CETAX
(ompeneneHne KpaTyaWiero MyTH B TPAHCIOPTHOM CETH), MPU PEHICHUH 3aaad
MapHIpyTH3aIMK B UHOOPMAITMOHHBIX CETSIX U T.J1.

IMpumep. Ha puc. 5.7. npexacrasiena rpadgoBasi MOJIeNb TPAHCTIOPTHOM CETH.
Heobxoaumo onpenenuTs KpaTyalllivii MyTh OT BEPIUUHBI S 10 BEPIIUHHI .

pd] 5 o

>3 4 >4
Puc. 5.7. llpumep npeacTaBieHus: TPaHCIIOPTHOM ceTu TpadoM 1Jis
ONpPENEIICHNUS KpaTyalllero MyTH MKy BEpIINHAMU
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JIns HaxoKACHUS KpaT4yalIero myTyu UCIoib3yeM anroputm JleikcTpol. Pabo-
Ty aJlTOPUTMa MOKHO TPOMILTIOCTPUPOBATH TAOJIMIICH:

BepmmHa 1 2 3 4 5 6
g - _ _ _ _
X = 1 - - - -
X7 o0 8 6 6 - -
X3 o 5 4 - - -
X4 °0 o o0 8 8 8
X5 o0 oo 7 6 6 -
t oo oo o0 o0 8 7

Takum oOpazom, Ha 6-ii WTepalMM HAWIEH KpaTdyaWMid IyThb SX1X3Xst
JUTAHOU 7.
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6. JABOPATOPHBII IPAKTUKYM

6.1. JladbopaTopHas padora Ne 1.
OmnpenesieHue METPUYECKUX XaPAKTEPUCTHK IPadoBoil MoaeJIH.

[enab paboThl: 3yueHue TEXHOJIOTUHU ONPEACICHHUS] METPUUECKUX XapaKTepu-
CTUK Trpada, nmpuoOpeTreHrue MPaKTUYECKUX HABBIKOB pPa3pabOTKH MPOTPAMMHOIO
oOecrieueHus JUisl ONPEAEIICHUS METPUYECKUX XAPAKTEPUCTUK rpadoBOl MOJEIH.

JlabopaTopHbIe 3a1aHUs.

1. Ilo riaBe 3 HACTOALIETO0 NOCOOUST 03HAKOMUTBCS ¢ OCHOBHBIMHM TUIIAMU I'pa-
¢oB, ciocobamu 3aganusi rpagoB, METPHUUECKUMH XapaKTepUCTHKaMu Tpada U Tex-
HOJIOTMEU UX ONPENIEIICHHUS.

2. Pazpaborarh mporpamMmy [Uisl ONpEAESICHUS METPUUECKUX XapaKTEPUCTHK
rpadoBoit mogenu. TpeboBaHus K mporpaMmMe:

a) rpad nowkeH ObITh 3aJaH MATpPHUEH CMEeKHOCTH (MaTpHlla PacCTOSHUN
OIIpe/EIAETCS IPOTPAMMHO Ha OCHOBE MaTpPHUIbl CMEXHOCTH);

0) mporpamma JI0JDKHA ONPEENSITh U BBIBOJUTH CICAYIOUINE XapaKTEPUCTUKU
rpada:

- MaTpHUILy pacCTOSIHUMA;

- CTETNICHU BEPIIINH;

- panuyc rpada;

- nuameTp rpada;

- LIeHTp Tpada (ecau LHEeHTPOB HECKOJBKO, BEIBOJSITCS BCE LIEHTPHI);

- Meauany rpada (eciu MearaH HECKOJIbKO, BBIBOISITCSL BCE MEUAHBI).

3. BeibpaTh rpad B COOTBETCTBHH C BAPHAHTOM M PEIINTh 3a/1a4y OMPECICHUS
METPUYECKUX XapaKTEPUCTHUK Tpada ¢ UCIOIb30BaHUEM pa3pabOTaHHON MPOrpPaMMBI.

4. Pemuth BBIOpaHHYIO 331a4y BPY4HYIO, CDABHUTD MOJIyYE€HHBIE PE3YJIbTATHI.

5. PaccmoTpeTh MpUKIaHble aCIEKThI 33/1a4K OMPEEICHUs METPUUECKUX Xa-
pakTepucTUK rpada (mpuMepsl NPaKTUYECKUX 3a/1ad JaHHOrO Kjacca B aBTOMaTHU3H-
POBAHHBIX CUCTEMAX ).

OTYET AOJIKEH CONEPKAaTh:

1. HazBanue nabopaTtopHoil pabOTHI U €€ 11eJTb.

2. [TocTaHOBKY 3a/1aud U OMKMCAHUE TEXHOJOTHH €€ PEIICHHUS.

3. Onucanue u 0JOK-CXEMY peaIM30BaHHOTO aJIrOpUTMA.

4. JIuctuHr pa3zpaboTaHHOW MPOTPAMMBI.

5. KoHTposbHbIi nipuMep pabOThl MPOrpaMMBbI: UCXOJHbIE NaHHbIE (rpad B
COOTBETCTBUM C BAPUAHTOM) U MOJTYyUYECHHBIE PE3YJIbTATHI.

6. Pemienue 3a1auv Bpy4HyIo.

7. BeiBoJTBI (pe3yabTaThI JIAOOPATOPHOU PAOOTHI U MIPUKJIATHBIC ACTIEKTHI pac-
CMOTPEHHBIX AITOPUTMOB).
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BapuaHnTtsl 3a1aHui

X3 Xa X X4
X X5 X x5
X1 Xs X1 \/ Xs
7 X7

Bapwuanr 1 Bapwuanr 2
Xs _ Xa X3 g
XL
XL X5 X5
X
8 ﬁ X; 1 Xs
7
7
Bapuant 3 Bapuanr 4
X3 X4 X3 X4
X Xs X Xs
X1 X X1 X
7 W
Bapuant 5 Bapuant 6
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X3 X 4 X3 X4
X2 % N X2 X
5 5
X1 X X1 X
X7 X7
Bapuant 7 Bapuant 8
X Xa Xs Xa
Xo m Xs X2 Xs
. / X; - X
6
X7 X7
BapwuanT 9 Bapwuant 10

KoHTpoJibHBIE BONIPOCHI

1. Kakum o0pa3om ocymiecTBIsSE€TCS MOCTPOSHUE MATPUIBI CMEKHOCTH HEOPUEHTHU-
POBaHHOT'O U OPUEHTUPOBAHHOTO rpada?

2. JlaiiTe onpenesieHre MapIIpyTa.

3. Kak omnpenensieTcst paccTosiHie Mexay BepiuHaMu rpada?

4. Yemy paBHBI 37IeMEHTBI MaTPHUILIbI paccTOSTHUM rpada?

5. Kakum 06pa3zomM MOKHO MOCTPOUTH MaTPHUILY PacCTOSTHUM MO MaTPHUIE CMEKHOCTH
rpada?

6. Jlaiite onpeneneHue dKCIEHTpUcUTeTa BepiinHbl? Kakum 006pa3oM onpesensercs
IKCIICHTPUCUTET?

7. JlaiiTe onpeseneHue nepeaaTouyHoro yrcia Bepunnabl? Kakum o0pa3om onpenes-
€TCsl IepeJaTOYHOE YUCIIO?

8. Kak ompenensitorcss METpUYECKUE XapaKTepUCTUKU rpada - paauyc, ITUaMeTp,
LIEHTpP, MeuaHa?

9. Kakue kiaccel MPaKTHUECKHUX 3a]1a4 CBOJAATCS K ONPEJEICHUI0 METPUUECKHUX Xa-
pakTepucTHK rpada?
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6.2. JlaGopaTopHasi padora Ne 2.
AHaJu3 CBA3HOCTH rpadoBoOil MOIeIH.
OmnpeneseHue CWIbHBIX KOMIIOHEHT rpadga.

[enb paGotel: M3ydeHue TEXHOJOTUM aHAlIM3a CBA3ZHOCTH rpadoBO MO,
npuoOpeTeHre MPAaKTUYECKUX HaBBIKOB pa3palOTKH MPOrpaMMHOIr0 oOecreueHus
JUTSI OTIpEIeNIeHUsI CUITbHBIX KOMITOHEHT Tpada.

JlabopaTopHbIe 3a0aHUS.

1. ITo 1. 4.1 HacTOsMImMIEr0 MOCOOUST 03HAKOMUTHCS C IIOHITHSIMH JOCTHKUMOCTH
BEPIIINH, CBSI3HOCTH W CHJIBHOW CBSI3HOCTH rpada. PaccMoTpeTh OCHOBHBIE STaIlbI
OTIpe/IeICHUS CHUTBHBIX KOMIIOHEHT Tpada.

2. PazpaboTaTh mporpamMmy IS ONpENCTICHUS CHIBHBIX KOMIIOHEHT rpada.
TpeboBanus k mporpamme:

a) rpad ODKEH OBITh 3a7aH MATPHIEH CMEKHOCTH (MATPHUIBI JOCTHKUMO-
CTU, KOHTPJAOCTHKUMOCTH U CUJIBHOM CBA3HOCTH ONPECIAIOTCS MPOrpaMMHO Ha OC-
HOBE MaTPHUIIBl CMEKHOCTH);

0) mporpamMma J0JKHA ONPEACIATh U BBIBOJUTD.

- MaTpHUlbl JOCTHXHUMOCTH, KOHTPJOCTHKMMOCTH W CHUJIBHOM CBA3HOCTH
rpada,;

- CJIbHBIE KOMITOHEHTHI Tpada.

3. BriOpath rpad B COOTBETCTBUY C BAPHAHTOM U PEIINTH 3a4a9y OMPEACTICHUS
CUJIbHBIX KOMIIOHEHT Tpada ¢ HCIOJIb30BaHWEM pa3pabOTaHHOTO MPOTrPaMMHOTO
oOecIrieueHus.

4. PemuTh BBIOpAHHYIO 3a7]a4y BPYUYHYIO, CPABHUTH MOJIYYEHHBIE PE3YIIbTAThI C
pe3yabTaramu paboThl TPOTPAMMBL.

5. PaccMoTpeTh mpuKIIaIHbIE ACIEKThI 3a7a4i OMPEICIICHUS CHIIBHBIX KOMIIO-
HEeHT rpada (mpuMepbl IPaKTHUECKUX 33/1a4 JJAaHHOTO KJlacca B aBTOMAaTH3UPOBAHHBIX
CUCTEMAX).

OT4Y€T TOJKEH CO/IEPXKAaTh:

1. HazBanue nabopaTopHOil paboThI U €€ 1eb.

2. TlocTaHOBKY 3aJaud, OCHOBHbIE TIOHATUS U OIpENEICHHs], ONMCAHUE TeX-
HOJIOTHY aHaJIn3a CBSI3HOCTHU Tpada U MOUCKa CUITHHBIX KOMIIOHEHT.

3. Onucanue u OJIOK-CXeMY Peain30BaHHOTO AJITOPUTMA ONPEICICHUS CUIIb-
HBIX KOMITOHEHT rpada.

4. JIuctuHr pa3zpaboTaHHOW MPOTPAMMBI.

5. KoHTtposbHbIi nipuMep pabOThl MPOTrpaMMBbl: UCXOJHbIE NaHHbIE (rpad B
COOTBETCTBUH C BAPUAHTOM) U MMOTYUYCHHBIC PE3yIbTATHI.

6. Pemenue 3a1auu Bpy4yHyIo.

7. BoiBozibI (pe3yibTaThl 1a0OpaTOPHOU pabOThI U MPHUKJIAIHbIE ACTIEKTHI pac-
CMOTPEHHBIX AJITOPUTMOB).
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KoHTpoJIbHBIE BOIPOCHI:

1. Jlaitte ompeneneHuss AOCTHAKUMOCTH M B3aWUMHOM JOCTHMKHMMOCTH BEPIIMH
B rpade.

2. Kakue tumsl rpadoB HAa3bIBAIOT CBSI3HBIM, CUIIBHO CBS3HBIM, OJJTHOCTOPOHHE CBSI3-
HBIM?

3. JlaiiTe onpe/ieneHne CUIIbHON KOMIIOHEHTHI OPUEHTHUPOBAHHOTO rpada.

4. Kak ctpouTcs MaTpuia JTOCTHKUMOCTH rpada? Yemy paBHbl €€ AMaroHallbHbIE
AJIEMEHTHI?

5. Kakum 00pazoM CTpOUTCs MaTpuiia KOHTpAOCTIKUMOCTH rpada? Kak oHa cBs3a-
Ha C MaTPUIEH JOCTHKUMOCTU?

6. Kakum o0pa3omM cTpouTcs MaTpulia CuibHOM cBsizHOCTH? Kak e€ MOXHO mocTpo-
WUTb, 3HAasI MATPHIIHI IOCTHKUMOCTH U KOHTPAOCTHKHUMOCTH ?

7. Kakum 00pa3oM MOKHO MOCTPOUTH MATPHILY JOCTHKUMOCTH TI0 MAaTPHUIE CMEX-
HocTH rpada?

8. IlepeuncauTe OCHOBHBIE HIArM AJITOPUTMA OIPEACIICHHS KOMIIOHEHT CBA3HOCTH
HEOPUEHTUPOBAHHOTO Tpada U CHIIHLHBIX KOMIIOHEHT OPUEHTUPOBAHHOTO Tpada.

9. Kakue kiacchl MpakTUUYECKUX 3aJlay CBOJATCS K ONPEACICHUI0 KOMIOHEHT CBSI3-
HoCTH rpada?
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6.3. JlabopaTopnasi padota Ne 3.
ITocTpoeHue oCTOBHBIX IepeBbeB rpaga
B 32124aX TOMOJIOTHYECKOr0 NPOCKTHPOBAHUS BHIYUCIUTEIbHBIX CeTeH

[lenab pabothl: 3yueHue anropuTMoB MOCTPOEHUSI OCTOBHBIX JIEPEBLEB Ipada
U IpUOOpPETEHHE MPAKTUUECKUX HAaBBIKOB UX TPOTrPAMMHOM peain3aluu.

JlaGopaTopHbIe 3a1aHuUs.

1. ITo m. 4.2 HacTOsAIIET0 MOCOOUSI 03HAKOMUTHCS C MOHSATUEM OCTOBHOTO Jie-
peBa rpada. M3yuuTh anropuTMbl IOCTPOEHHUSI OCTOBHBIX JI€peBbEB Ipada.

2. Ilporpammuo peanuzoBaTh anroputmbl Kpackama u Ilpuma moctpoenus
OCTOBHBIX JepeBbeB Ipada. IIporpamma n0JKHBI BBIBOAUTH CIEIYIOLIUE pPE3yibTa-
THI:

- TIOCJIEZI0BATEIBHOCTh BKJIIOUYEHUs PEOEP B OCTOBHOE JAEPEBO IO aJTOPUTMY
Kpackana,

- TIOCJIEZI0BATEIBHOCTh BKJIIOUEHUs PEOEP B OCTOBHOE JAEPEBO IO aJITOPUTMY
[Ipuma;

- CyMMapHbIil Bec pé€dep NOCTPOEHHOTO OCTOBA.

3. BriGpatb rpad B COOTBETCTBUH C BapUAaHTOM U PEIINTH 33/a4y OCTPOCHUS
OCTOBHOTO JIepeBa C UCMOIb30BAaHUEM pa3pabOTaHHOTO MPOTrPaMMHOI0 00ECIICUEHMS .
I'pad, mpencraBneHHbll B 3aJaHUU, NPEICTABISET COO0M BO3MOXKHBIE BApPUAHTHI CO-
€IUHECHNI KOMIIBIOTEPOB MPH NMPOECKTUPOBAHUM BBIYMCIUTENBHOM ceTu. Onpexnene-
HHE ONTUMAJIBHON TOIOJOTHH CETU CBOAMUTCS K IMIOCTPOEHUIO KPATYANUILIETO OCTOBHO-
ro JiepeBa JaHHOro rpada.

4. Pemnth BBIOpaHHYIO 337ja4y BPYUHYIO, CPABHUTH MOJIYYEHHbBIE PE3YJIBTATHI C
pe3ynbTaTamu paboThl IPOTrPaMMBI.

5. PaccMOTpeTh MPUKIIAJHBIE ACIEKThI 3a/1a4¥ MOCTPOCHUS! OCTOBHBIX JEPEBB-
eB rpada (mpuMmepbl MPaKTUYECKUX 3a7ad JAHHOTO Kjacca B aBTOMAaTHU3MPOBAHHBIX
CUCTEMAX).

OT4Y€T TOJKEH CO/IEPXKAaTh:

1. HazBanue nabopaTopHOil paboThI U €€ 1eb.

2. ITocTaHOBKY 3a/1aui, OCHOBHbIE IOHATHS U OTIPEACICHUS.

3. Omucanue m Ojok-cxembl anroputMoB Kpackama u Ilpuma moctpoenwms
KpaTyaiilliero 0CTOBHOTO JiepeBa rpada.

4. JIuctuHr pazpaboTaHHOW MPOTPAMMBI.

5. KoHTposbHbIi nipuMep pabOThl MPOTrpaMMBbI: UCXOJHBbIE NaHHbIE (rpad B
COOTBETCTBUM C BAPUAHTOM) U MOJTYUYECHHBIE PE3YJIbTATHI.

6. Pemienue 3a1aun Bpy4HYyIo.

7. BoiBozibI (pe3yibTaThl 1a0OpaTOPHOU pabOThI U MPHUKJIAIHbIE ACTIEKTHI pac-
CMOTPEHHBIX AJITOPUTMOB).

108



BapuaHTtsl 3a1aHuid

X1 3 X2 14 X3
10 8 10 U
X 9 16 %
12 137 Xs
20 -
Xe
5 X5

Bapuanr 5 Bapuant 6

109



BapuanT 9 Bapwuant 10

KoHTpoJIbHBIE BONIPOCHI:

1. Kakoii rpa¢ Ha3bIBaeTcs JepeBOM?

2. JlaliTe onpenenieHre OCTOBHOTO JiepeBa rpada.

3. B rpade n BepmuH. CKOJIBKO péOEp COMEPKUT OCTOBHOE JIEPEBO?

4. Kak onpenenuTs MuKIoMaTrHueckoe yuciio rpada? Uto oHO XapakTepu3yer?

5. Kakum 06pa3om ocyliecTBisieTcs MOCTPOEHHE OCTOBHOTO JIepeBa C UCIOIb30Ba-
HUEM CTpPaTeruH MOoucKa B rI1yOuHy?

6. KakuM 00pa3oM ocyIiecTBIsIeTCs MOCTPOSHUE OCTOBHOT'O JIEpeBa C NCIOJIb30Ba-
HUEM CTpaTeruu MoucKa B LIMPUHY?

6. Kakue ocHOBHBIE 11ary BKIrOYaeT anroputm Kpackamna?

7. Kakue ocHOBHBIE 1Iar BkimoydaeT anroput™ [lpuma? B uém ero otnmuue ot anro-
purma Kpackana?

8. Kakue kmacchl MpakTUYECKUX 3a/1ay CBOJATCS K MOCTPOEHUIO OCTOBHBIX JIEPEBHEB

rpada?
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6.4. JlabopaTopHas paGora Ne 4.
AaropurmMsl 00xo1a rpada

[enb pabotel: M3ydeHne aaropuTMOB MOCTPOCHUS IIIEPOBBIX U FaMUIBTOHO-
BBIX IIUKJIOB B Tpade v mpruoOpeTeHre MpaKTUYECKUX HaBBIKOB UX IIPOrpaMMHON pe-
aNU3aluu.

JlabopaTopHbIe 3a1aHUs.

1. ITo n.4.3 HacTosIIEro MOCOOHsI 03HAKOMUTHCS C AITOPUTMAMU MOCTPOCHUS
SUJIEPOBBIX U TAMUJILTOHOBBIX IIUKJIOB B rpade.

2. [IporpammHuo peanu3oBath anroputMm Pobeprca m diopeca mocTpoeHUs ra-
MUJIBTOHOBBIX ITUKJIOB U 1ieniel B rpade. TpeboBaHus K mporpamme:

- rpad 3a7aéTcsi MaTpPUIIEH CMEXHOCTH;

- MporpaMMa JI0JKHA BBIBOJIUTH BC€ TaMIJIBTOHOBBI IIEMH U ITUKJIIBI Tpada (1mo-
CJIEI0BATEIHLHOCTH 00X0/1a BEPIIMH JIJISl KaXKJI0TO IUKJIA U 1IETIH).

3. BeiOpath rpad B COOTBETCTBUU C BAPMAHTOM U PEUIUTH 3a7a4y MOCTPOCHUS
raMUJIbTOHOBBIX IIUKIIOB U IIETIEH ¢ UCIMOJIb30BAaHUEM pa3pabOTaHHOTO MPOTPaAMMHO-
ro o0ecne4eHusl.

4. Pemith BHIOpaHHYIO 3aj7[a4y BPYUYHYIO, CDABHUTH MOJIYYCHHBIC PE3YJIbTATHI.

5. PaccMoTpeTh 001aCTH TPUMEHEHHMS 3a/1a4ud TTOCTPOCHUSI TaMUJIbTOHOBBIX U
3EEepOBBIX LIMKJIOB B ABTOMATHU3UPOBAHHBIX CUCTEMAX.

OTY€T NOIKEH COJIEPKATD:

1. HazBanue nabopaTtopHoil pabOTHI U €€ 11eJTb.

2. OnpeneneHust diIepoBa M TaMIIBTOHOBA IHKJIA B rpade, 0COOCHHOCTH
ATUX LUKJIOB.

3. Teoperuueckue CBEACHUS MO ANTOPUTMaM MOMCKA SUJIEPOBBIX U FaMUIIb-
TOHOBBIX ITUKJIOB B Tpade (KpaTkuii 0030p aJropuTMOB).

4. Onucanue u OJoK-cxemy anroputMma Pobeptca u diopeca nmocTpoeHus ra-
MUJIbTOHOBBIX IIMKJIOB U II€TIeH rpada.

5. JIuctuHT pazpaboTaHHON IPOTPAMMBI.

6. KoHTposbHbI npumep pabOThl MpOTrpamMMbl: UCXOIHBbIC AaHHbBIE (Tpad B
COOTBETCTBUH C BAPUAHTOM) U MOJTYyUYEHHBIE PE3YyJIbTaTHI.

7. Pemenue 3agaun BpydHyr. PereHue ogopmiisieTCsi B COOTBETCTBUM C
IPUMEPOM, MPEACTaBICHHBIM B 1. 4.3 mocoous. [Ipu TOM BBIBOAATCS BCE MPOMEKY-
TOYHBIE PE3YJIbTATHI.

8. BriBoJIbI (pe3yabTaThl JIA0OPATOPHOU paObOTHI U MPUKJIAJAHBIEC aCTIEKThI pac-
CMOTPEHHBIX AJITOPUTMOB).
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KoHTpoJIbHBIE BONIPOCHI:

1. [lafiTe onpenesieHne diiyiepoBa IuKIIa rpada.

2. Chopmynupyiite Teopemy Ditniepa. KakuMm ycioBusiM JOKEH YAOBIETBOPATH
rpad A CyIIeCTBOBaHUS diliepoBa UKIa?

3. Kak omnpenensiercst cteneHb BEpIIMHbI rpada?

4. Yem 1uki B rpade oTiMyaeTcs oT uenu?

5. [IpuBeauTe mpuMep MOCTPOEHUS diljiepoBa LIMKIA B rpade ¢ UCIIONb30BAaHUEM all-
roputma Duepu.

6. Kakoe pedpo B rpade Ha3pIBaeTCsSI MOCTOM?

7. laiiTe onpeeneHre raMuIbTOHOBA IMKJIa rpada.

8. Kakue ocHOBHBIC IIaru BKJOUaeT anroputMm Pobeprca u diopeca sl OCTpoe-
HUS TaMWJIBTOHOBBIX ITUKJIOB U 1IeTiel rpada?

9. Kakue kiacchl MPaKTHUECKHUX 33/1a4 CBOJATCS K MOCTPOCHUIO UJIEPOBBIX U Ta-
MUJIBTOHOBBIX IIUKJIOB rpada?
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6.5. JlabopaTopnasi paGora Ne 5.
Pemenue 3agay mapupyruszanuu B rpadgax

[enab paboThl: 3yyeHue aropuTMoB MOMCKa KpaTyallmux myTei B rpadax u
npruoOpeTeHNe MPAKTUUYECKUX HABBIKOB X MTPOTPaAaMMHON peanu3aiuu

JlaGopartopHble 3a/1aHus.

1. ITo m.4.5 mocoOusi 03HAKOMUTHCSI C AITOPUTMAMH NTOMCKA KpaTyalulero my-
TH B Tpade.

2. Pazpabotath mporpammy, pealu3yIOllyl0 airoput™m JIeHKcTpbl MOuCKa
KpaT4aillero myTu B rpade.

TpeOoBaHus K IpOrpaMMe:

- rpa¢ 3amaércs marpuued BecoB W. Dnementsl MaTpuibl W onpenensroTcs
CJIeIyIOUM 00pa3oM:

BeC W(Xj,Xj), ecnn B rpade cymectByer ayra <X, Xj >
wij = 0,ecmui=j,

oo, €CIIM BTpae He CYIIECTBYCTAYTH < Xj, Xj>.

- IporpaMMa J0JDKHA BBIBOJUTH ITOCJIENIOBATEIBHOCTh BEPIIWH, BXOISALIUX B
KpaT4anllvi IyTh, a TAKXKE JJIMHY KpaT4anero myTH.

3. BeiOpatb rpad B COOTBETCTBMM C BapUaHTOM M PEIIUTH 3a7ady IOHMCKa
KpaTyallInX MyTed C HCIOJIb30BAHMEM Pa3pabOTaHHOIO MPOrpaMMHOro obecreue-
Hus. [Ipu 3TOM S — HayanbHas BEpIIMHA YyTH, I — KOHEYHAsl BEpPIIMHA ITYTH.

4. Pemuth BBIOpaHHYIO 331a4y BPY4HYIO, CDABHUTD MOJIyYE€HHBIE PE3YJIbTATHI.

5. PaccMmoTpeTh 00nacTy MPUMEHEHHUs 3aJa4d O KpaTdyaulleM IMyTH B aBTOMa-
TU3UPOBAHHBIX CUCTEMAX.

OTY€T NOIKEH COJIEPKATD:

1. HazBanue 1abopaTopHOi pabOTHI U €€ LEIb.

2. TloctaHoBKY 3afauu O KpaT4alllieM MyTH W KpaTKuii 0030p METOAOB €&
peuieHus.

3. Onucanue u 6JI0K-CXEMY peaTM30BaHHOTO aJTOPUTMA TTOUCKA.

4. JluctuHr pa3zpaboTaHHOW MPOTPAMMBEI.

5. KoHTponbHbIii ipuMep pabOThI MPOTpaMMBI: UCXOJHBbIE NaHHbIE (rpad B
COOTBETCTBUM C BAPUAHTOM) U MOJYUYECHHBIE PE3YJIbTATHI.

6. Pemenne 3amaun BpyuHylo. Perienue ogopmisieTcs B COOTBETCTBUU C
OpPUMEPOM, NPEJICTaBICHHBIM B 1. 4.5. mocoOus. BeiBondTcs Bce MpOMEKYTOUHBIE
pE3yNbTATHI.

7. BeiBoJbI (pe3yabTaThl JIA0OPATOPHOU pabOTHI M MPUKJIIATHBIE ACTIEKTHI pac-
CMOTPEHHBIX AJITOPUTMOB).
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BapuanT 9 Bapuant 10

KoHTpoJIbHBIE BONIPOCHI:

1. MaiiTe onpeneneHne KpaTyanmiero myTu B rpade.

2. Kakue ocHOBHBbIE 11aru BKJIOYaeT anroput™ Jerikctpel? Kakum o6pa3om Bepiu-
HaM MPUCBANBAIOTCS METKH, KaK OHM repecuuThiBatoTcs? [Ipusenure npumep.

3. Kakue orpanuueHust B UCMOJIb30BaHUH UMeeT anroputm Jleiiketper? B kakux ciy-
YasiX MO>KET OBbITh MMOJy4eH HEBEPHBIN pe3yabTaT?

4. Yem anroput™m Popna omuuaercs ot anroputMa Jleiikctpoi? [IpuBenure npumep.

5. Kakue ocHoBHBIE maru Brimrodaet anroputM dmnoiina? [Ipuseaure npumep pere-
HU 33744 O KpaTyalIluX MyTAX ¢ UCIOJIb30BaHUEM anropurma dona.

6. Kakue kimacchl IpakTUUYECKUX 3a/1ay CBOJASTCS K ONpPEACNICHUI0 KpaTyalliux Iy-
Teil 1 MapuIpyTOB B rpage?
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6.6. JIabopaTopHas padora Ne 6
OnpeneneHne MAKCHMAJIBHOIO MOTOKA B CETH

[leab paGotel: M3ydenuwe u mnporpammHas peanusanus ainroputma dopna-
dankepcoHa onpeieIeHUs MAKCUMAJIbHOTO MTOTOKA B CETH

JlabopaTopHbIe 3a0aHUs.

1. ITo m.4.6 HacTOMAILIETO TOCOOUST 03HAKOMUTLCS MOCTAHOBKOM 3a4add O MakK-
CUMaJIbHOM TIOTOKE U METOJaMH €€ PEeIIcHUS.

2. PazpaboTaTs iporpamMmy 15l OTIPEASICHIS] MAaKCUMAJIHOTO TTOTOKA B CETH C
rcnoJib3oBanuem anropurma Gopaa-DankepcoHa.

[Iporpamma B KadecTBE pPe3yJbTAaTOB IOJDKHA BBIBOJIWTH BEIWYHUHY MAaKCH-
MaJIbHOTO MOTOKA, a TAKXKE PacIpeeICHUE TTOTOKOB IO JTyraM CETH.

3. BeiOpatb rpad B COOTBETCTBUM C BAPHAHTOM U PEIIUTH 33]1a4y ONpPEICIICHHUS
MaKCHMAaJIbHOTO TIOTOKa ¢ MCIOJIb30BAaHUEM Pa3pad0TaHHOTO MPOTPaMMHOTO oOec-
neyeHus. YuciaoBble XapaKTEpPUCTUKKM Ha Jyrax rpada cOOTBETCTBYIOT MPOMYCKHBIM
CIIOCOOHOCTSIM JIYT.

4. PemuTh BRIOpAHHYIO 3a7]a4y BPYYHYIO, CPABHUTH ITOJTYYEHHBIC PE3YJIbTATHI.

5. PaccMoTpeTh 00s1acTH IPUMEHEHHMS 3aJ1adyd 0 MaKCHUMaJIbHOM TIOTOKE B aB-
TOMATHU3UPOBAHHBIX CUCTEMAX.

OTY€T NOIKEH COJIEPKATD:

1. HazBanue 1abopaTopHOi pabOTHI U €€ LEIb.

2. [TocTaHOBKY 3a/1a4¥ 0 MAaKCUMAaJIbHOM MOTOKE.

3. Onucanue anroputma @opaa-dDankepcona (CyTh alropuT™Ma U OCHOBHBIE
Iaru).

4. bnok-cxemy anroputMma @opaa-PankepcoHa.

5. JIuctuHT pazpaboTaHHON TPOTPAMMBI.

6. KonTponbHbIii ipuMep pabOThI MPOTpaMMBI: UCXOJHBIE NaHHbIE (rpad B
COOTBETCTBUH C BAPUAHTOM) U TIOJTyUYCHHBIE PE3yJIbTATHI.

7. Pemenue 3amaum BpydHYH. Pemienne o¢gopmiIsieTCsI B COOTBETCTBHH C
MPUMEPOM, MPEACTABICHHBIM B 1. 4.6. mocoOus. BeiBoadTcs Bce MPOMEKYTOUHBIE
pE3yNbTATHI.

7. BiBoJbI (pe3yabTaThl JIA0OPATOPHON paObOThI U MPUKJIIAJAHBIEC aCTIEKThI pac-
CMOTPEHHOTO aJITOPUTMA).
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KoHTpoJIbHBIE BONIPOCHI:

1. I'pad xakoro Tuma Ha3bIBa€TCs TPAHCIIOPTHON CETHIO?

2. B uém 3akiouaercs 3aj1a4a 0 MaKCUMaJIbHOM MOTOKE?

3. Kakum yca0BUSAM JTOKHBI YOBJIETBOPATH IIOTOKU B JyraXx TPAaHCIIOPTHOW CETH

4. Kakue BepIIMHBI TPAHCIIOPTHOW CETH HA3bIBAIOTCS HCTOUHUKOM M CTOKOM?

5. B uém cytb anropurma @opaa-dankepcona?

6. Kakum 00pa3om mepecyuThiBalOTCSI METKH BEpIIMH B anroputme Dopra-
dankepcoHna?

7. Kakue ocHOBHBIE m1aru BKiatoyaeT anroputm Gopna-dankepcona? [Ipuseaute
puMep.

8. Kakue Kki1acchl MpakTUUECKHX 33]1a4 CBOJATCS K ONPEIEICHUI0 MAKCUMAJIBHOTO
MOTOKA B CETU?
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3AK/IIOYEHUE

VY4eOHoe nmocoOue OpUEeHTUPOBAHO HA U3yUYEHUE CTyJEeHTaMHU 0a30BbIX paszfe-
JIOB AMCKPETHON MaTEMaTUKU U (POPMUPOBAHUE Y HUX MPAKTUUECKUX HABBIKOB (op-
MaJM3alii U aJITOPUTMHU3ALMU 3374, CBSI3aHHBIX C JUCKPETHBIMU OObekTamu. B
OCOOMM paccMaTpUBAIOTCS MOJEIN M aJTOPUTMbI JUCKPETHOW MaTeMaTHKH, HC-
HOJIB3YIOLINECS] B aBTOMAaTHU3MPOBAHHBIX cucTeMax. Oco0oe BHUMaHUE YAENsAeTCs
Teopuu rpadoB, UMEIOIICH BakHEHIIee 3HAUCHUE NMPU MOACIUPOBAHUM, aHAIHN3E U
ONTHMH3ALUU PACHPEIEIEHHBIX CUCTEM.

B nocoOuu npeacTaBieHbl pa3iuyHble aITOPUTMUIECKUE CXEMBI, KOTOPbIE MO-
ryT OBITH JOBEIEHBI 10 MPOrpaMMHOM peanu3anuu. JlaeTcs usnokeHue Hambosee
pacipoCTpaHEHHBIX B MHXKEHEPHOM MpakTUKe IpadOBBIX aIrOPUTMOB, CBSA3aHHBIX C
ONpENEICHUEM CUIIbHBIX KOMIIOHEHT U METPUYECKUX XAPAKTEPUCTUK rpada, MOoCTpo-
€HUEM OCTOBHBIX JIEPEBBEB U TAMHJIBTOHOBBIX LIMKJIOB, IOMCKOM KpaTdailuX IyTeu
¥ MapuIpyToB B rpadax, onpeneieHueM MaKCUMaJIbHOIO MOTOKA B CETAX, POBEPKOH
IUIAaHapHOCTU U pacKpackoil rpagoB. PaccmarpuBaeMble alrOPUTMbI MOTYT OBITh
OpOrpaMMHO peajin30BaHbl. BaxkHoe MecTo B yueOHOM MOCOOMH OTBOAMTCS pac-
CMOTPEHUIO IPAKTHUECKUX 3aj]ad, CBOJSIIUXCS K MCIOJB30BaHUIO IpaOBBIX MOjE-
neit u anroputmoB. Kpome teopun rpadoB, B mocoOun u3aararoTcs OCHOBBI TEOPUU
MHO’KECTB U KOMOMHATOPUKHU.

JlaGopaTopHBIil TPaKTUKYM, MPEICTABIECHHBIN B 6 riaaBe mocoOusi, OpUEHTUPO-
BaH Ha MPUOOpETEHUE CTYJEHTAMU MPAKTUYECKUX HABBIKOB IPOTPAMMHOM peanu3a-
MU rpadoBbIX MOJAENEH U aIrOPUTMOB. B 3TOl cBA3M Marepuan yueOHOro nmocoous
MOKET OBITh MOJIE3€H KaK ¢ TEOPETUYECKOH, TAK U C MPAKTUUYECKON TOUKU 3PEHUS.
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